University of Lille I
PC first year list of exercises n°3

Linear maps — subvectorspaces of R"

Exercise 1 1. Endow R? with an orthonormal frame (O, i ;) Show that a linear map from R? to R?
is uniquely determined by its values on the vectors ¢ and j.

2. In the basis {;, 5}, what is the matrix of the orthogonal symmetry with respect to the horizontal
axis?

3. In the basis {Z, ;}, what is the matrix of the orthogonal projection to the horizontal axis?
4. In the basis {Z, j}, what is the matrix of the rotation of angle 6 and center O?

5. In the basis {7, 7}, what is the matrix of the homothety of center O and ratio k?

6. In the basis {7, 7}, what is the matrix of the symmetry of center O?

7. Is a translation a linear map?

Solution of Exercise 1 :

1. Let f :R? — R? be a linear map. Consider any vector ¢ in R2. Since {;, j} is a basis of R?, ¥ can

be uniquely written as : @ = xi +yj. By linearity of f, one has : f(¥) = f(zi+yj) = zf(@) +yf(j)
Therefore the values of f on the vectors i and j, determine the value of f on any vector of R%. Two
linear maps taking the same values on ¢ and j will coincide on R2.

2. In the basis {?, 5}, the matrix of the orthogonal symmetry with respect to the horizontal axis is
1 0
0 -1/

- 1
3. In the basis {4, j}, the matrix of the orthogonal projection to the horizontal axis is < 0 8 >

4. In the basis {Z, ]}, the matrix of the rotation of angle # and center O is < cosf —sinf >

sinf cos6

5. In the basis {Z, j}, the matrix of the homothety of center O and ratio k is ( ]g 2 )

6. In the basis {i,/}, the matrix of the symmetry of center O is ( _01 _01 >

7. A linear map f from R™ into RP necessarily maps 0 € R™ onto 0 € RP. The translation by a given
vector @ € R? takes ¥ € R? to ¢+ @ € R?. In particular, the translation of vector @ takes 0 € R? to
@i € R?. Therefore, if @ # 0, the translation of vector  is not a linear map.

Exercise 2 Let f be the map from R* to R* defined by:
fl@y,zt)=(z+y+z+ta+y+z+ta+y+z+t,20+2y+22+2t ).

1. Show that f is linear and write down its matrix in the canonical basis of R*.

2. Check that the vectors @ = (1, —1,0,0), b= (0,1,—1,0) and ¢= (0,0,1,—1) all belong to ker f.



3. Check that the vector d = (5,5,5,10) belongs to Im.

Solution of Exercise 2:

1. One has to verify that, for any vectors v7 and v3 in R* and any A € R, one has f(v; + \v3) =
f(v1)+ Af(v3). Denote by (z1,y1,21,t1) (vesp. (z2,y2, 22, t2)) the coordinates of the vector vi (resp.
%) in the canonical basis of R*. The coordinates of the vector v + Av3 are (21 + Ax2, y1 + Ay2, 21 +
Az, t1 + Atg). Therefore, using the formula that defines the map f, one has:

f(’l)_i + /\’U_é) = f(iL'1 4+ Axa,y1 + Ayo, 21 + Azo, t1 + /\tg)

T1 4+ ATa +y1 + Ay2 + 21 + Azg + t1 + At
T1 4+ Axo +y1 + Ay2 + 21 + Azg + t1 + At
1+ Aro+y1 + Ay2 + 21 + Azg + 11 + Ao
2(1’1 + )\1’2) + 2(y1 + )\yg) + 2(21 + )\2’2) + 2(t1 + )\tg)

On the other hand,

Tty +z21+t T2 + Yo + 22 + 12
Tty +21+ 60 . To 4+ Y2 + 22 + 12
;o f(vg) = ;
r1+y1+z1+t T2 + Yo + 22 +t2
2x1 + 2y1 + 221 + 2t 2x9 + 2ya + 229 + 2t

f(o1) =

Mo + Y2 + 22 + t2)

Az + y2 + 22 + t2) )

Mo + Y2 + 22 + t2) ’
)\(21’2 + 2y9 + 229 + 2t2)

Af(v2) =

and
T+ Yy + 21+t Mz 4 y2 + 22 + o)

T+ Y1+ 21+t + AMag 4+ Yo + 20 + 1)
r1+y1+ 21+t + ANz2 + y2 + 22 + t2)
2x2+2y2+2zQ+2t2—|—)\(2x2+2y2+2z2+2t2)

By commutativity of the reals, one obtains f(v] + A\v3) = f(v1) + Af(v3).

f(01) + Af(v3) =

The matrix of f in the canonical basis of R* is

1 111
1111
1111
2 2 2 2

2. Let us compute the images of the vectors @ = (1,—1,0,0), b = (0,1, —1,0) and &= (0,0,1, —1). One
has
f(a) = f(1,-1,0,0)0=(1-1,1—-1,1-1,2—-2) =(0,0,0,0);
f(b) = f(0,1,-1,0) = (1 = 1,1 - 1,1 1,2 — 2) = (0,0,0,0);
f(éj :f(070717_1) = (1_171_111_172_2) = (0701010)
Therefore @, b and ¢ belong to kerf.

3. Since the vector d = (5,5,5,10) is the image of the vector (5,0,0,0), a?belongs to Imf.
Exercise 3 Consider the map f : R?® — R? given by:
fl@y,z) = (@+2y+220+y+3z,-v—y—2)

1. Justify that f is linear.



2. Give the matrix of f in the canonical basis of R3.

3. (a) Determine a basis and the dimension of the kernel of f, denoted by kerf.
(b) Is the map f injective?

4. (a) Give the rank of f and a basis of Imf.
(b) Is the map f surjective?

Solution of Exercise 3:

1. One has to verify that, for any vectors v7 and v3 in R? and any A € R, one has f(v; + \3) =
f(01) + Af(v3). It is the same kind of computation as in Exercise 2, question 1.

2. The matrix of f in the canonical basis of R3 is

1 2 1
2 1 3
-1 -1 -1

3. (a) The kernel of f, written ker f, is the set of vectors which are mapped onto 0 by f. Therefore,
a vector ¥ = (2,7, 2) € R3 belongs to kerf if and only if (x,v,2) is a solution of the following

system:
r+2y+2=0
20 +y+32=0
—rx—y—2=0

Applying the Gauss method, one obtains that the above system is equivalent to

z+2y+2=0 x+2y+2=0
S By+22=0 &< 3By+2z=0
—3Jy—22=0 4z =10

Therefore the unique solution of the system is ¢ = 0, and kerf = {6} The dimension of ker f
is therefore 0. The empty set () is a basis of kerf.

(b) For a linear map, being injective is equivalent to ker f = {6} Hence, by the previous question,
f is injective.

4. (a) There are many ways to answer this question. Recall that a vector beR3 belongs to Imf if
and only if there exists ¥ = (x,y,2) € R? such that f(¥) = b, or equivalently if b is a linear
combination of the columns of the matrix associated to f. According to the expression of the

matrix associated to f given in question 2., Imf is the vector space generated by the vectors
1 2 1

C = 2 , Cy = 1 , Cg = 3
-1 -1 -1

To find a basis of Imf, one way is to apply Gauss algorithm to the matrix of f in order to
trigonalize it. One finds:

Cl CQ Cg 02 - 02 B 201 Cg — 303 + CQ
Cs—C3—-Cy
1 2 1 1 0 O
— 1 0 0 —
2 1 3 5 _3 1 2 =30
-1 -1 -1 11 o0 -1 1 1
1 0 0
Since the vectors 2 , -3 |, and 0 are column vectors of a triangular matrix,
-1 1 1

they are linearly independent. Since we applied the Gauss algorithm to the columns of the



matrix associated to f, they generate Imf. Consequently they form a basis of Imf which is
therefore equal to R3.
Another way to find a basis of Imf, is to compute the determinant of the matrix associated to
f. Since
1 2 1
det 2 1 3 # 0,
-1 -1 -1

the columns of this matrix are linearly independent. Therefore they form a basis of Imf.
A shorter way to answer this question, is to use Rank Theorem. Since f is an injective map
from R? into R3, one has

dim R3 = dim kerf + dim Imf < 3 = 0 + dim Imf.

Hence Imf = R3 since the only subspace of dimension 3 of R? is R? itself. One concludes that
the rank of f (which is by definition the dimension of Imf) is 3, and a basis of Imf is given,

1 0 0
for example, byi=| 0 |,5=1 1 |J],andk=| O
0 0 1

(b) Recall that a map f : E — F is surjective if and only if Imf = F. For a linear map, this is
equivalent to dim Imf = dim F'. By the previous question, the map considered in this exercise
is surjective.

Exercise 4 1. Let f be a surjective linear map from R* to R?. What is the dimension of the kernel
of f?

2. Let g be an injective map from R?% to R'%Y. What is the dimension of the image of ¢?

3. Can there be a bijective linear map from R0 to R"? ?

Solution of Exercise 4:

1. By the Rank Theorem, dim ker f = dim R* — dim Im f. Since f is supposed to be surjective,
dim Imf = 2. Therefore dim ker f =4 —2 = 2.

2. By the Rank Theorem, dim Im g = dim R?® — dim ker g. Since g is supposed to be injective,
dim ker g = 0. Hence dim Im g = 26.

3. By the Rank Theorem, an injective map from R®® to R satisfies dim Im f = 50. On the other
hand, a surjective map from R0 to R™ satisfies dim Im f = 72. Consequently a map from R0 to
R can not be injective and surjective. Therefore there exists no bijective map from R to R72.

Exercise 5 Consider the matrix

(G20 NCIREN|
—_ O =

1. Compute a basis of the kernel of A.

2. Compute a basis of the image of A.

Solution of Exercise 5: We will answer both questions at the same time. To do so, we will apply the
Gauss algorithm to the columns of the matrix A and I3 simultanously (here I3 denotes the identity matrix



of size (3,3) having the same number of columns as A).

Cy «— 209 —7C4
Cg — 2C3 - Cl Cg — 1103 - 02
2 71 2 0 0 2 0 0
A=| -1 2 0 -1 11 1 -1 11 0
351/) \3 —-11 -1/ 7 \'3 -110
1 00 1 -7 -1 1 -7 —4
L=|010 0 2 0 0 2 -2
0 01 0o 0 2 0O 0 22
2 0
It follows that a basis of Im A is given by the vectors v = | —1 | and v3 = 11 . Indeed, the
3 —11

columns of the upper matrix still generate Im A since we obtained them by applying the Gauss algorithm
to the columns of A. The third column of the upper matrix being equal to the null vector, we only consider
the first two columns, namely the vectors ©v1 and v3. These two vectors are linearly independant since
they are two columns of a triangular matrix.
—4
On the other hand the kernel of A is generated by the vector « = [ —2 |. Indeed, by the Rank Theorem
22
dim ker f = dim R3 — dim Im f = 1 since dim Im f = 2. Moreover, one can verify that @ is a non-zero
vector of ker f by:

2 71 —4 —8—-14+422=0
A= -1 2 0 -2 | = 4—-4=0
3 5 1 22 —-12-10+22=0
Exercise 6 Consider the matrix
1 2 3 1
B=1| -1 2 -1 -3
-3 5 2 =3

1. Compute a basis of the kernel of B.
2. Compute a basis of the image of B.

Solution of Exercise 6: We use the same technique as in the previous exercise: the Gauss algorithm on
the columns of the matrix B and I simultaneously (here I denotes the identity matrix having as many
columns as B, namely 4 columns).

CQ <—CQ —201

Cy — C3 — 30 Cs — 20— Cs Cy — Cy — Cs
Cy«—2C4 + Cy
Cy—Cq 1 0 00
1 2 3 1 1 0 0 0
1 0 0 0 -1 4 00
B=| -1 2 -1 -3 -1 4 0 O
-1 4 2 =2 -3 11 11 0
-3 5 2 -3 — — -3 11 11 11 —
-3 11 11 0 1 -2 -4 0
1 000 1 -2 —4 —4
1 -2 -3 -1 0 1 -1 2
0100 0 1 -1 1
= 0 1 0 0 0 o0 2 =2
0010 00 1 0 o 0 2 0 00 0 9
0 001 0o 0 0 1 0O 0 0 2
1 0 0
Consequently, a basis of Im f is given by the three vectors v7 = -1 |,05 = 4 and v3 = 0
-3 11 11
0
A basis of ker f is given by the vector @ = _22
2



Exercise 7 Consider the matrix

-1 3 1
1 2
C= 2 -1 -1
2 4 0
1 7 1
1. Compute a basis of the kernel of C.
2. Compute a basis of the image of C.
Solution of Exercise 7: One has
Cy «— Cy+3C,
Oy Cy 4 Oy Cs <—1 505, —OCQ
-1 3 1 -1 00 T £ 0
1 2 0 1 51 5 5 0
C= 2 -1 -1 2 51
N — 2 10 0
2 4 0 2 10 2 110 0
1 7 1 1 10 2 1 3 9
1 00 1 31 01 —1
Is=|1 0 10 010 00 5
0 0 1 0 0 1
-1 0
1 5
Consequently a basis of Im f is given by the two vectors v = 2 and vy = 5 |. A basis of
2 10
1 10
2
ker f is given by the vector @ = | —1
5



