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PC first year

Homework

Exercice 1 Apply the Gauss algorithm to the following systems :

3r — y 4+ 2z = a r + y + 2z =5
—x + 2y — 3z = b z -y — z =1
r 4+ 2y + z = ¢ T + z = 3

Solution of Exercise 1 : Let us apply the Gauss algorithm to the first system :

3r — y 4+ 2z = a r 4+ 2y + z = c Ly < Ls
—x + 2y — 3z = b & —x + 2y — 3z = b
T + 2y + z = ¢ 3r — vy + 2z = a
x 4+ 2y + z = c Ly T + 2y + =z = c Ly
& + 4y — 22 = btc Ly—Li+Li & + y - iz = be Ly — ;Lo
- Ty — 2z = a-3c L3« L3—3L4 - Ty — z = a-3c L3« Lg
T + 2y + z = c Ly
= + vy - %Z = % L2
— 92 = 1(4a—12c+7b+7c) Ly L3+ 7Ly
r + 2y + 2z = c Ly T = c—2y—=z
& + y — iz = be Lo & Yy = byl
8a+5b—
’ " sl
= Yy = B
s = —4a—"Tb+5¢
18

Consequently, the first system admits a unique solution given by the triple :

S_{<8a+5b—c —2a+b+Tc —4@—7b+5c>}

18 ’ 18 ’ 18

Let us apply the Gauss algorithm to the second system :

T + y + 2z = 5 r + vy + 2z = 5 Ly
x — y — z =1 & - 2y — 3z = —4 Lo« Lo— 14
T + z = 3 -y - z = =2 Ly« L3 — 14
r + y 4+ 2z = 5 r + vy + 2z =5 Ly
& y 4+ oz = 2 Ly —Ls & y + z = 2 Lo
29 + 3z = 4 -z =0 Ly «— L3+ 2Lo



x = 3
= Y = 2
z = 0
Consequently, the second system admits a unique solution given by the triple {(3,2,0)}.

Exercice 2 Without trying to solve the systems, discuss the nature of the solution set of :

r + y — 2z =0 r + 3y + 2z =1 r + 3y + 2z =1
r + vy + 2z =0 r + y + z = 2 r + y + z =3

Solution of Exercise 2 :
Let us apply the first steps of the Gauss algorithm to the first system :

z + y — 2z =0 z + vy — z =0 Ly
xr — Yy = 0 & — 2y + =0 Lo «— Loy—14
r + y + =z 0 2z = 0 Ly «— L3— 14

We obtain a Cramer system, which admits a unique solution (the rank of the system is » = 3, the number of
equations is p = 3, and the number of unknowns is n = 3).

Let us apply the first steps of the Gauss algorithm to the second system :

r + 3y + 2z =1 r + 3y + 2z =1 Ly
20 — 2y = 2 < - 8y — 4z = 0 Lo +— Lo —2I4
r + y + z = 2 — 2y -z =1 L3 — L3 — I
z 4+ 3y + 2z = 1 Ly
= — 8y — 4z = 0 Lo
0 = -4 L3 — Lg - 4L2

Since the third equation is impossible, the system admits no solution.

Let us apply the first steps of the Gauss algorithm to the third system :

r + 3Jy + 2z =1 z + 3y + 2z =1 Ly
2r — 2y = 2 & — 8y — 4z = 0 Lo« Lo —21,4
r + y + z = 3 - 2y - z = 2 Ly« L3 — 1
r + 3y + 2z =1 14
= - 8 — 4z =0 Ly
0 = 2 Ly—Ly—1L,

Since the third equation of the system is impossible, the system admits no solutions.



Exercice 3 Put the following systems into matrix form and solve them.

2r+y+z = 3

3x —y — 2z
r+y—z -2
r+2y+z = 1

Il
o

r+y+z+t =
T—y+2z—-3t =
2. 20 + 42+ 4t
2z + 2y + 3z + 8t
( 52 +3y+92+ 19t =

2r+y+z+t = 1
T+2y+3z+4 = 2
3r—y—32+2t = 5

oy+9z—t = —6

I
DN W N -

r—y+z+t =
4. 2x+3y+4z+5t =
r+y—z+t =

~J 00 Ot

z+2y+32 = 0
5. 20 4+3y—2z = 0
3r+y+2z = 0

Solution of Exercise 3 :

1. The extended matrix associated to the first system is :

2 1 1 3
3 -1 =-2] 0
1 1 —-1]-2
1 2 1 1

Let us apply the Gauss algorithm to this matrix :

2 1 1]3 1 1 —1]-2 Ly « L3
3. -1 =200 | _[2 1 1]3 Ly Ly
1 1 —1]-2 3 -1 -2]0 L3 « Ly
1 2 11 1 2 11 Ly
1 1 -1]-2 Ly 1 1 -1|-2 Ly
o |01 3T Ly« Ly — 2Ly 0 -1 3 | 7 Ly
0 -4 1|6 Ly« L3 — 3L, 0 0 -—11|-22 L3« L3 — 4Ly
0 1 2 3 Ly« Ly— 14 0 O 5 10 Ly« Lys+ Lo
1 1 -1]-2 L
o |01 3T Ly
0 0 112 Ly« —3 L3
0 0 010 Ly tLy+ L3

We obtain a triangular matrix of rank r = 3, hence the initial system of 4 equations with 3 unknowns
admits a unique solution. Let us solve the resulting Cramer system :

r + vy - z = =2 rT= —2—-y—=z z= 1
-y + 3z = 7T &K y= 3z2-7 & = -1



1

The only solution is the point of R? whose coordinates are | —1
2
2. The extended matrix associated to the second system is :
11 1 1|1
1 -1 2 —-3|2
2 0 4 4|3
2 2 3 8|2
5 3 9 1916
Let us apply the Gauss algorithm to this matrix :
1 1 1 1|1 1 1 1 1|1 Ly
1 -1 2 =32 0 -2 1 —4|1 Lo — Ly — Iy
2 0 4 4|3 |« 0 -2 2 2|1 Ly — Ly —2I4
2 2 3 8|2 0 0 1 6|0 Ly — Ly—214
5 3 9 1916 0 -2 4 14 |1 Ls «— Ls — 514
1 1 1 1|1 Ly 1 1 1 11 Ly
0 -2 1 —4|1 Lo 0 -2 1 —4|1 Lo
& 0 0 1 6|0 Ly«+—L3— Ly, & 0 0 1 6|0 Ls
0 0 1 6|0 Ly 0 0 0 00 Ly+— Ly— L3
0 0 3 1810 Ls «— Lo 0 0 0 00 Ly «— Ls—3L3

We obtain an extended matrix of rank 3. The last two lines correspond to trivially satisfied equations.
Hence the initial system of 5 equations with 4 unknowns admits a line of solutions. Let us solve the
equivalent triangular system :

r + y 4+ 2z 4+ t=1
- 2y + z - 4t =1
z + 6t =
To do so, let us parametrize the set of solutions by A=t € R :
x + y 4+ z = 1=A r= 1—-A—-y—=z T = %—i—lO/\
- 2y + z = 1+4\ y= —3(1+4x—2) = —3—5A
< z = —6A < z= —6A < z= —6A
Consequently, the solution of the second system is the line of R* parametrized by
T 3 10
Y ! —5
— | 2
. 0 +Al 6 ,A€ER.
t 0 1
3. The extended matrix associated to the third system is :
2 1 1 1] 1
1 2 3 4|2
3 -1 =3 2|5

0 5 9 —-1|-6
Let us apply the Gauss algorithm to this matrix :

2 1 1 1|1 2 1 1 111 I
1 2 3 4|2 0 3 5 713 !
3 -1 -3 2|5 |7 lo -5 -9 1|7 ?:g?:i
0 5 9 —1|-6 0 5 9 —1|-6 3 3 !

Since the last two equations are incompatible, the system admits no solution.



4. The extended matrix associated to the fourth system is :

1 -1 1 115
2 3 4 5|8
3 1 -1 1|7
Let us apply the Gauss algorithm to this matrix :
1 -1 1 115 1 -1 1 1|5 Ly
2 3 4 5|8 |« 0 5 2 3 |-2 Lo «— Lo — 214
3 1 -1 1|7 0 4 -4 -2|-8 Ls «— L3 —3L;
1 -1 1 1|5 Ly
& 0 5 2 3 |-2 Lo
0 0 14 11} 16 Ly «— 2L3—5Lo

We obtain an extended matrix of rank 3. Hence the initial system of 3 equations with 4 unknowns admits
a line of solutions. Let us solve the equivalent triangular system :

r — y + =z + t= 5
2y — 22 — t = -4
14z + 11t = 16

To do so, let us parametrize the set of solutions by A=t € R :

r — y + 2z = 5-—M\ r= H—Aty—=z r= 3—1A
2y — 2z = —4+ A y= —44+A+2z = —%—%)\
< 14z = 16-11x 7 ) z= 16—11A—14z ) z= —6A
Consequently, the solution of the fourth system is the line of R* parametrized by
T 3 -
y s 3
- 87 + A 171 ,)\ S R
o 7 14
t 0 1
5. The extended matrix associated to the fifth system is :
12 310
2 3 —-1|0
31 210
Let us apply the Gauss algorithm to this matrix :
1 2 3|0 1 2 310 Ly 1 2 310 Ly
2 3 -1|0 | <& 0 -1 =710 Ly —Ly—-21, & 0 -1 =710 Lo
31 210 0 -5 =71]0 Ly «— Ls—314 0 0 2810 Ly «— L3 —514

We obtained a Cramer system whose unique solution is z = 0, y = 0 and z = 0. Consequently the set of

)

solutions of the fifth system only consists of the point 0 =

o O O



