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ABSTRACT. In this paper, we construct a (generalized) Banach Poisson-Lie group struc-
ture on the unitary restricted Banach Lie group acting transitively on the restricted
Grassmannian. A “dual” Banach Lie group consisting of (a class of) upper triangular
bounded operators admits also a Poisson-Lie group structure. We show that the re-
stricted Grassmannian inherits a Bruhat-Poisson structure from the unitary Banach Lie
group, and that the action of the dual Banach Lie group on it (by “dressing transfor-
mations”) is a Poisson map. This action generates the KdV hierarchy as explained in
[SW85], and its orbits are the Schubert cells of the restricted Grassmannian as described

in [PS8Y].
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1. INTRODUCTION

Poisson-Lie group and Lie bialgebras were introduced by Drinfel’d in [Dr83]. From this
starting point, these notions and their relations to integrable systems were extensively
studied. We refer the readers to the very well documented papers [Ko04], [STS91], [Lu90]
and the references therein. For a more algebraic approach to Poisson-Lie groups and
their relation to Quantum group we refer to [BHRS11]. For more details about dual pairs
of Poisson manifolds we refer to [We83|, applications to the study of equations coming
from fluid dynamics were given in [GBV12], [GBV15] and [GBV152], and applications
to geometric quantization can be found in [BW12]. The motivation to write the present
paper comes mainly from the reading of [LW90], [SW85] and [PS88]. In |[LW90], the
Bruhat-Poisson structure of finite-dimensional Grassmannians where studied. In [SW85],
the relation between the infinite-dimensional restricted Grassmannian and equations of
the KAV hierarchy was established. In [PS8§|, the Schubert cells of the restricted Grass-
mannian were shown to be homogeneous spaces with respect to the natural action of some
triangular group, which appears to be exactly the one that generates the KdV hierarchy
in [SWS85]. It is therefore natural to ask the following questions :

Question 1.1. Does the restricted Grassmannian carry a Bruhat-Poisson structure? Can
the KdV hierarchy be related to a dressing action of a Poisson-Lie group on the restricted
Grassmannian?

The difficulties to answer these questions come mainly from the following facts
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e the natural action of taking the upper triangular part of some infinite-dimensional
matrix does not preserve the Banach space of bounded operators, nor the Banach
space of trace-class operators.

e [wasawa decompositions may not exists in the context of infinite-dimensional Ba-
nach Lie groups (see however [Bel06] and [BN10] where some Iwasawa type fac-
torisations where established).

Related papers on Poisson geometry in the infinite-dimensional setting are [OR03], [NST14]
and [DGR15] (see Section 5). Let us mention that a hierarchy of commuting hamilton-
ian equations related to the restricted Grassmannian was described in [GO10]. In the
aforementionned paper, the method of F. Magri was used to generate the integrals of
motions. It would be interesting to explore the link between these equations and the
Bruhat-Poisson structure of the restricted Grassmannian introduced in the present paper.
Some integrable systems on subspaces of Hilbert-Schmidt operators were also introduced
in [DO11]. There, the coinduction method suggested in [OR08] was used to construct
Banach Lie-Poisson spaces obtained from the ideal of real Hilbert-Schmidt operators, and
hamiltonian systems related to the k-diagonal Toda lattice were presented. Last but not
least, the relation between the Bruhat-Poisson structure on the restricted Grassmannian
constructed in the present paper and the Poisson-Lie group of Pseudo-Differential symbols
considered in [KZ95] in relation to the Korteweg-de Vries hierarchy needs further study.

The present paper just approaches some aspects of the theory of Banach Poisson-Lie
groups, and a more systematic study of the infinite-dimensional theory would be inter-
esting. It is written to be as self-contained as possible, and we hope that our exposition
enables functional-analysts, geometers and physicists to read it. However the notions of
Banach manifold and fiber bundles over Banach manifolds will not be recalled and we
refer the readers to [La0l] for more introductory exposition.

The paper is organized as follows. In Section 2, we introduce notation used in the
present paper. In Section 3, we recall the notion of duality pairing and of Manin triple, and
give as example the Iwasawa Manin triple of Hilbert-Schmidt operators. In Section 4, we
investigate the relation between an arbitrary duality pairing and the adjoint and coadjoint
actions of a Banach Lie algebra over itself and its continuous dual. This allows to define
the notion of 1-cocycle on a Banach Lie algebra g with values in the Grassmann algebra
of a Banach space in duality with g (in the case where this Banach space is stable under
the coadjoint action of g). We end Section 4 with Theorem where we show that to a
Banach Manin triple are naturally associated 1-cocycles of the previous type. In Section 5,
we define the notion of Banach Lie bialgebras and generalize the notion of Banach Lie-
Poisson spaces introduced in [OR03] to the case of an arbitrary duality pairing between
two Banach Lie algebras. Then we prove the following Theorem :

Theorem 1.2 (Theorem5.16). Consider two Banach Lie algebras (g4, [+, g, ) and (g-, [, ]s_)
in duality. Denote by g the Banach space g = g4 ® g— with norm || - ||g = || - |lgs + || - lg_-
The following assertions are equivalent.

(1) g4 is a Banach Lie-Poisson space and a Banach Lie bialgebra with respect to g_;
(2) (g,9+,08-) is a Manin triple for the natural non-degenerate symmetric bilinear map

K
<Ia 6>E+797 + <y> a>g+797‘

()g gxg
(z, ) x (y,8)

R
—
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We end Section 5 by proving that there is no Iwasawa Manin triple associated to the
unitary restricted Banach Lie algebra u,cs nor to its predual u; . This negative result is a
consequence of the fact that the triangular truncation is unbounded on the Banach space
of bounded operators over a Hilbert space, as well as on the Banach space of trace class
operators. In Section 6, we define a weak notion of Banach Poisson-Lie groups which
relates on a weak notion of Poisson manifold, for which, following [CP12] or [NST14], we
do not assume that the Poisson bracket is defined on the whole algebra of smooth functions
but, contrary to [CP12] or [NST14], we neither impose the existence of hamiltonian vector
fields. This weak notion is adapted to the present setting and overcomes the difficulties
exposed in Section 5. In particular, examples of Banach Poisson-Lie group in our sense
include the restricted unitary group U,es(H) and the restricted triangular group B (H).
In Section 7, we show that the restricted Grassmannian viewed as homogeneous space
under U,(H) inherites a Bruhat-Poisson structure in analogy to the finite-dimensional
picture developped in [LW90]. Moreover, the natural action of the Poisson-Lie group
B/ (H) on the restricted Grassmannian (by “dressing transformations”) is a Poisson map,
and its orbits are the Schubert cells described in [PS8§]. Finally the infinite-dimensional
abelian subgroup of B (#) generated by the shift induces the KdV hierarchy as explained

in [SW85]. These results are summarized in the following Theorem (see Theorem [7.3]
Theorem [B.5, and Theorem B.9).

Theorem 1.3. The restricted Grassmannian
Grres(H) = Ures(H)/ U(H+4) X U(H-) = GLres(H)/ Pres(H)

carries a natural Poisson structure such that :

(1) the canonical projection p : Uses(H) — Gryes(H) is a Poisson map,

(2) the natural action of Uyes(H) on Grues(H) by left translations is a Poisson map,

(3) the following right action of BL (H) on Grres(H) = GLies(H)/ Pres(H) is a Poisson
map :

Gres(H) X BE(H) —  Grues(H)

res

(9Pres(H),0) = (07'g) Pres(H).

(4) the symplectic leaves of Gryes(H) are the Schubert cells and are the orbits of
B (H).

res

2. NOTATION

In this subsection we introduce the notation used in the present paper. In Section [2] to
Section [7, ‘H will refer to a general complex separable infinite-dimensional Hilbert space.
The inner product in ‘H will be denoted by (-,-) : H xH — H and will be complex-linear
in the second variable, and conjugate-linear in the first variable. In Section [8, H will be
specified to be the space L?(S!, C) of complex square-integrable functions defined almost
everywhere on the unit circle St = {2 € C,|z| = 1} modulo the equivalence relation that
identifies two functions that are equal almost everywhere. In that case, the inner product
of two elements f and g in L*(S', C) reads (f, ) = [o, f(2)g(2)du(z), where du(z) denotes
the Lebesgue mesure on the circle. A tabular summarizing the notation of the paper is
given at the end of the paper.
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2.1. Banach space L. (H) of bounded operators over a Hilbert space H. Denote
by Lo (#H) the space a bounded linear maps from H into itself. It is a Banach space for
the norm of operators ||Al|c = supy,<; [|Az[| and a Banach Lie algebra for the bracket
given by the commutator of operators : [A,B] = Ao B— Bo A, for A, B € L>*(H). In
the following, we will denote the composition A o B of the operators A and B simply by
AB.

2.2. Schatten ideal Ly(#) of Hilbert-Schmidt operators. A bounded operator A
admits an adjoint A* which is the bounded linear operator defined by (A*z,y) = (z, Ay).
A positive operator is a bounded operator such that (p, Ap) > 0 for any ¢ € H. By
polarization, if A is positive then A* = A. The trace of a positive operator A is defined as
Tr A =3 (¢n, Ap,) € [0, +00) where ¢, is any orthonormal basis of H (the right hand
side does not depend on the choice of orthonormal basis, see Theorem 2.1 in [Sim79]). The
Schatten class Lo (H) of Hilbert-Schmidt operators is the subspace of Lo, (H) consisting of
bounded operators A such that ||A|y = (Tr (A*A))% is finite. It is a Banach Lie algebra
for || - ||2 and for the bracket given by the commutator of operators. It is also an ideal of
Loo(H) in the sense that for any A € Lo(H) and any B € Lo (H), one has AB € Ly(H)
and BA € Ly(H).

2.3. Schatten ideal L;(#) of trace class operators. For a bounded linear operator
A, the square root of A*A is well defined, and denoted by (A*A)2 (see Theorem VL9
in [RS80]). The Schatten class L;(#) of trace class operators is the subspace of Lo, (H)

consisting of bounded operators A such that ||A||; = Tr (A*A)2 is finite. It is a Banach
Lie algebra for || - ||; and for the bracket given by the commutator of operators. We recall
that for any A € Li(H) (not necessarly positive), the trace of A is defined as

Tr A= (pn Apn)

i=1
where {p,} is any orthonormal basis of H (the right hand side does not depend on the
orthonormal basis, see Theorem 3.1 in [Sim79]) and that we have

Tr Al < [|A]s.
Moreover Ly (#H) is an ideal of Lo (H), i.e. for any A € L;(H) and any B € L (H),
AB € Li(H) and BA € Li(H), and furthermore Tr AB = Tr BA. Finally for A and B

in Lo(#), one has AB € Ly(#H), BA € Li(H), and Tr AB = Tr BA (see Corollary 3.8 in
[Sim79]).

2.4. Restricted Banach algebra L,.s(#) and its predual L, »(#). Endow the infinite-
dimensional separable complex Hilbert space H with an orthogonal decomposition into
two infinite-dimensional closed subspaces : H = H, @& H_. Denote by p, (resp. p_)
the orthogonal projection onto Hy (resp. H_), and set d = i(p; — p—) € Loo(H). The
restricted Banach algebra is the Banach Lie algebra

(2.1) Lies(H) ={A € Loo(H), [d, A] € Ly(H)}

for the norm [|A|res = ||Alloo + ||[d, A]||2 and the bracket given by the commutator of
operators. A predual of L, is

(2.2) Lip(H) :={A € Lo(H), [d, A] € Lo(H), p+ Ay € La(H)}
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It is a Banach Lie algebra for the norm given by

[All12 = [[p+ Al [l + llp-Alse_ [l + [[[d, Alf]2.
The duality pairing between L; o(#H) and Lyes(?H) is given by

<.7 .>L1,27chs : L172(H> X LTCS(H> — C
(4, B) — Te(AB),

where the trace is defined on Lio(H) by TrA = TrpyAly, + Trp_Aly_ (called the
restricted trace in [GOI10]). According to Proposition 2.1 in [GO10], one has Tr AB =
Tr BA for any A € Ly 2(H) and any B € Lys(H).

2.5. Restricted general linear group GL,(#), its “predual” GL; »(H), and GLy(H).
The general linear group of H, denoted by GL(#) is the group consisting of bounded op-
erators A on H which admit a bounded inverse, i.e. for which there exists a bounded
operator A~! satisfying AA™' = A7™'A = Id, where Id : H — H denotes the identity
operator = +— z. The restricted general linear group, denoted by GL,e(H) is defined as

(2.3) GLyes(H) = GL(H) N Lyes(H).

It is not difficult to show that GL.e(#H) is closed under the operation that takes an
operator A € GLyes(H) to its inverse A~' € GL(H), in other words that A € GL,s(H) =
A7l € GL.s(H). Moreover GL.(H) has a natural Banach Lie group structure with
Banach Lie algebra L,es(#). The Banach Lie algebra Ly o(#), predual to Lyes(H), is the
Banach Lie algebra of the following Banach Lie group

(24) GLLQ(H) = GL(%) N {Id + A, A€ L172(%)}.

Similarly, the Hilbert algebra Ly(#H) is the Hilbert Lie algebra of the following Hilbert Lie
group :

(2.5) GLy(H) = GL(H) N {Id + A, A € Ly(H)}.

2.6. Unitary Banach algebras u(H), wes(H), t12(H) and uy(#H). The subspace
(2.6) u(H) ={A € Lo(H), A" = —-A}

of skew-hermitian bounded operators is a Banach Lie subalgebra of L., (#). The unitary
restricted algebra uys(#) is the Lie subalgebra of Lys(#) consisting of skew-hermitian
operators :

(2.7) ures(H) = {A € u(H), [d, A] € Lo(H)} = Lres(H) N u(H).

By Proposition 2.1 in [BRT0T7], a predual of the unitary restricted algebra u..s(#) is the
subalgebra u; o(H) of Lyes(#H) consisting of skew-hermitian operators :

(2.8) uo(H) :={AeLia(H), A" =—-A}.

Similarly the subspace

(2.9) uy(H) ={A e Lly(H), A" = —-A}

of skew-hermitian Hilbert-Schmidt operators is a Hilbert Lie subalgebra of Lo(H).
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2.7. Restricted unitary group U,.(H), its “predual” U;o(H), and Us(#). The
unitary group of H is defined as the subgroup of GL(H) consisting of operators A such
that A=' = A* and is denoted by U(#H). The restricted unitary group is defined by

(2.10) Uses(H) = GLyos(H) N U(H).

It has a natural structure of real Banach Lie group with Banach Lie algebra u,es(?#). The
Banach Lie algebra uy o(H), predual to u,e(7), is the Banach Lie algebra of the following
Banach Lie group

(2.11) Upo(H) =UH)N{Id+ A, A € Lio(H)}.
The Hilbert Lie algebra us(#) is the Hilbert Lie algebra of the following Hilbert Lie group
(2.12) Uy(H)=UH)N{Id+ A, A € Lo(H)}.

2.8. The restricted Grassmannian Gr,(H). In the present paper, the restricted
Grassmannian Gres(?) denotes the set of all closed subspaces W of H such that the or-
thogonal projection p_ : W — H_ is an Hilbert-Schmidt operator. For any W € Gryes(H),
the orthogonal projection py : W — H is a Fredholm operator whose index characterizes
the connected components of Gr,es(H). The connected component of Gr,es(H) contain-
ing the subspace H will be denoted by Gr’ (#) and consists of those subspaces W for
which the orthogonal projection p; : W — H, has a vanishing index. The restricted
Grassmannian is an homogeneous space under the restricted unitary group (see [PS88]),

Grres(H) = Ures(H)/ (U(H+) x U(H-)),
and under the restricted general linear group GL,es(H),
Gryes(H) = GLres(H)/ Pres(H),
where
(213) Pra(M) = (A € GLous(H).p_Ap, = 0}.

It follows that Gres(#H) is a homogeneous Kéahler manifold.

2.9. Upper and lower triangular projections 7, and 7" on Hilbert-Schmidt
operators. Endow the separable complex Hilbert space H with an orthonormal basis
{In) }nez ordered according to decreasing values of n. Consider the following Banach Lie
subalgebras of Loy(H)

Lo(H)_ = {x € Ly(H), z(|n)) € span{|m),m < n}}
(lower triangular operators)

Ly(H)1+ = {z € Lo(H), z(|n)) € span{|m),m > n}}
(strictly upper triangular operators).
and
Lay(H)+ = {a € Lo(H), a(|n)) € span{|m), m > n}}
(upper triangular operators)

Loy(H)—— ={a € Ly(H), a(|n)) € span{|m), m < n}}
(strictly lower triangular operators).
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The linear transformation 7 consisting in taking the lower triangular part of an operator
with respect to the orthonormal basis {|n)},cz of H is called a triangular truncation or
triangular projection (see |AT8]) and is defined as follows :

{ (n,Am) if n<m

(2.14) (n, T_(A)m) = 0 it n>m

Similarly, the linear transformation 7y ; consisting in taking the stricktly upper triangular
part of an operator with respect to {|n)},cz is defined as follows :

(2.15) (n, T (A)m) = { <n’64m> ﬁ ZiZ

Recall that for any A € Ly(H),

lAI5 =" [m, An)?,

n,meZ

hence
JANZ = IT-(A)I5 + 1 T+ (A)I5-

It follows that both 7" and 7', ; are bounded when acting on the space of Hilbert-Schmidt
operators. Consequently one has the following decompositions into sums of closed subal-
gebras

Lo(H) = La(H)- @ La(H) 4+,

where Lo(H)_ = Ker Ty and Ly(H), 4 = KerT_. The linear transformation D consisting
in taking the diagonal part of a linear operator is defined by

| (n,Am) if n=m
(2.16) (n, D(A)m) = { 0 it n£m
It is a bounded linear operator on the space of Hilbert-Schmidt operators. Denoting by
T, =T,y + D (resp. T__ =T_ — D) the linear transformation consisting in taking the
upper triangular part (resp. strictly lower triangular part) of an operator, one has

Ly(H) = La(H)+ @ Lo(H)——,

where Lo(H)y = KerT__ and Ly(H)__- = KerT);. In fact, the previous decompositions
are orthogonal decompositions with respect to the natural Hilbert space structure of the
space Liy(H) given by the trace :

(A, B)y, = Tr (A*B).

It is interesting to note that the triangular truncations 7 and T, . are bounded on other
Schatten ideals L,(#), for 1 < p < +oo. It will be of importance in the present paper
that the truncation operator 7_ is unbounded on the space of trace class operators Ly (H),
as well as on the space of bounded operators Lo () (see Proposition 4.2 in [ATS], as well
as [M61], [KP70], and [GK70]).

Proposition 2.1 ([M61], [KP70], [GK70]). The triangular projection T_ is bounded in
the Schatten class L,(H) if and only if 1 < p < +o0.
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An example of bounded operator whose triangular truncation is unbounded was given
in [D88|, and is defined as the limit of the following operators

1 1
0 1 503 e
-1 0 11 L
—% -1 0 1
A, = -z -1 10
1
o 1 |
-1 0 1
1
n— T T

As far as we know the existence and construction of a trace class operator whose triangular
projection is not trace class is an open problem. We refer the reader to [Belll] for related
functional-analytic issues in the theory of Banach Lie groups.

2.10. Triangular Banach Lie subalgebras b; (H), be(H) and b . Let us endow H

with an orthonormal basis {|n)},cz ordered according to decreasing values of n. Define
the following triangular subalgebras of Ly(H) :

b (H) = {a € Ly(H),a(|n)) € span{|m),m > n} and (n|ajn) € R, for n € Z}.
{

by (H) = {a € Ly(H),a(|n)) € span{|m),m < n} and (n|a|n) € R, for n € Z}.

Similarly, define the following triangular subalgebras of L; o(H) and Lyes(#), where H is
endowed with the decomposition H = H, & H_ introduced in Section 2.4 :

b7,(H) = {o € Lia(H), o (|n)) € span{|m),m > n} and (n|a|n) € R, for n € Z}.

)
b1 ,(H) = {a € Lip(H),a(|n)) € span{|m),m < n} and (n|a|n) € R, for n € Z},
b5 (H) = {a € Lis(H),a (In)) € span{|m),m > n} and (n|ajn) € R, for n € Z}.
b (H) ={a € Lis(H),a(|n)) € span{|m), m < n} and (n|a|n) € R, for n € Z}.

res

Hilbert Lie algebras b3 (H) are associated the following real Hilbert Lie groups :

By (H) = {a € GL(H)NId+b3 (#H), such that a~' € Id+b5 (H) and (n|a|n) € R™ forn € Z}.
To the real Banach Lie algebras by,(H) are associated the following real Banach Lie

groups :

Biy(H) = {o& € GL(H)NId+b75(H), such that o' € Id+by,(H) and (n|a|n) € R™, forn € Z}.
To see that BfQ(’H) is a Banach Lie group, note that BfQ(’H) is an open subset of Id

+ bfz(?-[), stable under group multiplication and inversion. In particular, for any A €

b5 (H) with [[Af12 < 1, and any « € By,(H), the operator o — A belongs to Bi,(H),
since

2.11. Triangular Banach Lie groups Bj(#), BfQ(H), and BZ (H). To the real

(@ —aA) ™t =(Id—A)tat,
and (Id — A)~' = 3, A" is a convergent series in Id + bi,(#), whose limit admits

strictly positive diagonal coefficients.
Similarly define the following Banach Lie groups of triangular operators :

BE (H) = {a € GLyes(H)NbE (H) | @' € GLyes(H)NbE(H) and (n|a|n) € R™ forn € Z}.

res res res
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Remark 2.2. Remark that Bf () does not contain the shift operator S : H — H,
In) — |n + 1) since the diagonal coefficients of any element in Bf_(#) are non-zero.

However S belongs to the Lie algebra b (H), whereas S~ belongs to b (H).

res res

3. MANIN TRIPLE OF HILBERT-SCHMIDT OPERATORS

3.1. Duality pairing. Let us recall some basic notions of duality (see [AMRSS], supple-
ment 2.4.C). Let g; and go be two normed vector spaces over the same field K € {R, C},
and let

() Vonee 201X g2 2 K
be a continuous bilinear map. One says that the map (-,)4 4, is & duality pairing

between g; and g if and only if it is non-degenerate, i.e. if the following two conditions
hold :

(2, Y)g100 =0, Ve €g1) =y=0 and ((z,9)g,00 =0, Vy € g2) =2 =0.
One says that (-, )4, 4, is a strong duality pairing between g; and g if and only if the
two continuous linear maps
g1 — 0
xr <Ia '>91,92

g2 — 9]
— <'ay>91792

are not only one-to-one (which is equivalent to the two conditions above) but also iso-
morphisms. In other words, the existence of a duality pairing between g; and gs allows
to identify g; with a subspace (not necessary closed!) of the continuous dual g} of g, and
g with a subspace of g}, wheras a strong duality pairing gives isomorphisms g; ~ g; and
g2 =~ g;. Therefore the existence of a strong duality pairing between g; and go implies
that g; and gy are reflexive Banach spaces. Note that in the finite-dimensional case, a
count of the dimensions shows that any duality pairing is a strong duality pairing.

and

Remark 3.1. Suppose that h is a Banach space that injects continuously into another
Banach space g, i.e. one has a continuous injection ¢ : h < g. Then one can consider
two different dual spaces : the dual space h* which consists of linear forms on the Banach
space b which are continuous with respect to the operator norm associated to the Banach
norm || - ||y on b, and the norm dual ¢(h)* of the subspace ¢(h) C g endowed with the norm
| - |y of g, consisting of continuous linear forms on the normed vector space (¢(h), || - [4)-
Note that, since R is complete, ¢(h)* is complete even if +(h) is not closed in g (see for
instance [Brel0] section 1.1). Let us compare these two duals : h* on one hand and ¢(h)*
on the other hand.

First note that one gets a well-defined map

;coogt — b
f = fou

since f o is continuous for the operator norm induced by the norm of § whenever f is
continuous for the operator norm induced by the norm on g. Note that (* is surjective
if and only if any continuous form on h can be extended to a continuous form on g. On
the other hand, ¢* is injective if and only if the only continuous form on g that vanishes
on «(h) is the zero form. Consider the following two cases, where the surjectivity (resp.
injectivity) can be established.

Suppose that the range of ¢ is closed. Then () endowed with the norm of g is a
Banach space. It follows that ¢ is a continuous bijection from the Banach space § onto
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the Banach space ¢(h), therefore by the open mapping theorem, it is an isomorphism of
Banach spaces (see for instance Corollary 2.7 in [Brel0]). In this case, any continuous
form on b is continuous for the norm of g i.e. one has h* = «(h)*. By Hahn-Banach
theorem, any continuous form on «(h) can be extended to a continuous form on g with
the same norm (see Corollary 1.2 in [Brel0]). Therefore the dual map ¢* : g* — h* is
surjective. Its kernel is the annihilator ¢(h)® of +(h) and h* is isomorphic to the quotient
space g*/u(h)°. For example, the injection of the Banach space of compact operators
IKC(H) on H into the Banach space of bounded operators Lo, (#) is closed. The dual map
o Leo(H)* — K(H)* = Li(H) is surjective, and L;(#H) is isomorphic to the quotient
space Lo (H)*/K(H)?. In fact, one has Lo (H)* = Li(H) & K(H)°.

Now consider the case where ¢(h) is dense in g. In this case, any continuous form on ¢(b)
extends in a unique way to a continuous form on g with the same norm i.e. «(h)* = g*.
The kernel of ¢* consists of continuous maps on g that vanish on the dense subspace ¢(bh),
hence is reduced to 0. In other words ¢* : g* — h* is injective (see also Corollary 1.8 in
[BrelQ]). For instance taking h = L;(#) the space of trace-class operator on a Hilbert
space H and g = Lo(H) the Hilbert space of Hilbert-Schmidt operators on H leads to the
injection ¢* : Lo(H)* = Lo(H) < Li(H)* = Loo(H).

3.2. Manin triples. Let us now recall the notion of Manin triple, adapted to the context
of Banach Lie algebras.

Definition 3.2. A Banach Manin triple consists of a triple of Banach Lie algebras
(g,9+,09_) over a field K and a non-degenerate symmetric bilinear continuous map
(-,+)g on g such that

(1) the scalar product (-, -), is invariant with respect to the bracket [-, -], of g, i.e.

<[LU, y]ﬂ’ Z>9 + <y7 [ZII’, Z]E)E = 07 vxvyv KAS g3
(2) g =g+ @ g_ as Banach spaces;

(3) both g, and g_ are Banach Lie subalgebras of g;
(4) both g4 and g_ are isotropic with respect to the scalar product (-, -),.

Let us make some remarks which are simple consequences of the definition of a Manin
triple.

Remark 3.3. (1) Given a Manin triple (g, g+,98-), condition (2) implies that any
continuous linear form « on g decomposes in a continuous way as

Q@ =QOopg, +Qaopy ,

where pg, (resp. pg_) is the continuous projection onto g (resp. g—) with respect
to the decomposition g = g, @ g_. In other words, one has a decomposition of
the continuous dual g* of g as

g" =g’ @yl
where g9 is the annihilator of g4, i.e.
g ={ae€galx)=0, Vo cg.}

Moreover any continuous linear form 8 on g, can be extended in a unique way to
a continuous linear form on g belonging to g by 8+ 3o p,. It follows that one

has an isomorphism

g =g,
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and similarly
gt =gl
(2) For a subspace b C g, we will denote by h* the orthogonal of h with respect to
the bilinear form (-, ) :

hJ_ = {'ZE S ga <$7y>g = 07 vy € b}
In the case where (-, -), is a strong duality pairing, any continuous linear form on
g can be written as (x, )4 for some = € g. In particular, for any subspace h C g,
one has
B = b
Moreover, any continuous linear form /5 on g4 can be represented as 3(z) = (x,y)q
for a unique element y € g_. Therefore, in this case,

g-=9g;
and similarly

g+ =9g°.
3.3. Iwasawa Manin triple of Hilbert-Schmidt operators. The real Banach Lie
algebra uy(H) of skew-hermitian operators in Ly(H) can be completed into a Manin triple
in different ways. In this paper, we will consider the subalgebra b3 (H) of Ly(#) consisting
of upper triangular operators with real diagonal elements relative to the orthonormal basis
{In) }nez, as well as the subalgebra by (H) of Lo(#) consisting of lower triangular operators

with real diagonal elements with respect to {|n)},cz. Recall that the basis {|n)}nez is
ordered according to decreasing values of n.

b5 (H) = {a € Ly(H),a (Jn)) € span{|m),m > n} and (n|ajn) € R, for n € Z}.

by (H) = {a € L*(H),a(|n)) € span{|m),m < n} and (n|a|n) € R, for n € Z}.
Let us denote by (-, )y, b, the continuous bilinear map given by the imaginary part of the
trace :

<', '>u27[,2 : LQ(%) X Lg(%) — R
(x,y) — QTr (zy) .
Proposition 3.4. The triples of Hilbert Lie algebras (Ly(H),uz(H), b5 (H)) and
(La(H),ua(H), b5 (H)) are real Hilbert Manin triples with respect to the pairing (-, -)uy.p, -

Proof. Recall that the bracket on Ly(H) is given by the commutator. For any z,y,z €
Lo(H), one has

Tr ([z,y]2) = Tr (zyz — yxz) = Tr (xyz) — Tr (yaz) = Tr (yzx) — Tr (yzz) = —Try|x, 2],
where the second equality follows from the fact the both xyz and yzz are in L;(H), and
the third is justified since yz belongs to Li(H) and z is bounded. Hence (-, -)y,5, is
invariant with respect to the bracket of Lo(H).

One has the following direct sum decompositions of Ly(H) into the sum of closed sub-
algebras

(3.1) Ly(H) = us(H) © b3 (H),
and
(3.2)

—
[N}
&

!

uy(H) ® by (H).
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Note that the projections Pus and Doy with respect to the decomposition (3.1]) onto us(H)
and by (H) respectively can be expressed in terms of the orthogonal projection T__ and
the operator D as follows :

Pt (A) = T__(A) = T__(A)" + 3 [D(4) — D(A)],

for any A € Ly(H), and Pot = Id— Put- Similarly, the projections Pus and Po; with respect
to the decomposition (B.2]) onto uy(H) and by (H) respectively can be expressed in terms
of the orthogonal projection T, and the operator D as follows :

Puy (4) = o (A) = T (A)° + 5 [D(A) — D(AY],

for any A € Ly(H) and Poy =1d —p,-.

Let us show that (-, -)y, 5, is a non-degenerate symmetric bilinear map. Consider the real
Hilbert space Hg generated by the orthonormal basis {|n)},cz. Denote by RA : Hg — Hg
and SA : Hg — Hg the real and imaginary parts of the restriction of the bounded linear
operator A € Lo () to the real Hilbert space Hg. Note that A € Ly(#H) if and only if
RA € Ly(Hg) and FA € Ly(Hg) since

A= D [(m, An)[P = )~ (R(m, An))* + (S(m, An))* = | RA)5 + |SA[5.
nme”Z nme”Z
Remark that one has
STr (zy) = Tr (R2Sy + SzRy) ,

for any = € Ly(H) and any y € Lo(H). Here z is the C-linear extension of Rz + i3z,
and y is the C-linear extension of Ry 4 iJy. Since Ly(Hg) is a Hilbert space for the inner
product defined by the trace Tr : (A, B) — Tr AB, it follows that (-,-)y,s, is a strong
duality pairing between Lg(#H) and Lo(#) viewed as real Banach spaces.

It is easy to show that us(H) C (up(H))", b3 (H) C (b;’(?—[))l and by (H) C (b;(’H))l,
in other words ug(H), b5 (H) and b, (H) are isotropic subspaces with respect to the pairing

<'a '>u2,b2- U
Remark 3.5. Since (-, )y, 5, is a strong duality pairing between Lo(?) and its dual, one
has

us(H) = (ua(H))" = (u2(H))",

and
b3 (H) = (b3 ()" = (b5(H))".
Therefore
(b3(H))" = L*(H)/ (65 (H))" = us(H),
and

(uo(H))" = LA(H)/ (uz(H))’
can be identified either with b3 (H) or with b5 (H).

4. FROM MANIN TRIPLES TO 1-COCYCLES

In order to make the link between Banach Manin triples and Banach Lie bialgebra, we
will need some additional notation.



14 A. B. TUMPACH

4.1. Adjoint and coadjoint actions. Recall that a Banach Lie algebra g, acts on itself,
its continuous dual g7 and bidual g7* by the adjoint and coadjoint actions

ad @ g4 X g+ — g4
(l’,y) — adxy = [IayL

—ad® : gy xgt — g}

(z,a) — —adja := —a o ad,,

and
ad™ @ gy x gt — gV

(¢, F) +— ad) " F :=Foad,.
Here the notation ad} : g% — g’ means the dual map of ad, :g; — g;. Remark that
the actions ad and ad™ coincide on the subspace g, of g7*.

To convince ourselves that the maps ad® and ad™ are continuous, let us recall (see

Proposition 2.2.9 in [AMRSS]) that one has the following isometric isomorphisms of Ba-
nach spaces

(4.1)  L(g%:L(g+, 9+ K)) =L(g%, 9+, 9+:K) = L(g4, 9%: L(g+; K)) = L(g+, 9% 97 ),

where for Banach spaces g1, ..., gr and b, the notation L(g, go, ... gx; h) stands for the
Banach space of continuous k-multilinear maps from the product Banach space g; x- - - X gi
to the Banach space . In particular, since the map ad : gy X g, — g is bilinear and
continuous, its dual map is continuous as a map from g% — L(g4, g+;K) and, following
the sequence of isomorphisms in ([&1]), it follows that ad® : g, x g* — g% is continuous.
Similarly, using the following isometric isomorphisms of Banach spaces

L(g7;L(g+, 07 K)) = L(g%, 94,97 K) = L(g4, 97 L(g7; K)) = Lgs, 977 97),

it follows that ad™ : g, x gt — g%" is continuous.

4.2. Coadjoint action on a subspace of the dual. Suppose that we have a continuous
injection from a Banach space g_ into the dual space g* of a Banach algebra g, in such
a way that g_ is stable by the coadjoint action of g, on its dual, i.e. is such that

(4.2) adaeg_, Ve egy,Vaeg..

Then the coadjoint action —ad® : g x g% — g} restricts to a continuous bilinear map
—ad‘*gf D g+ X g— — g4, where g x g_ is endowed with the Banach structure of the
product of Banach spaces g, and g_. In other words

—adl; € L(gy,9-;0%) = L(g+; L(g-;03)).

Moreover, condition (4.2]) implies that —ad™ takes values in g_, i.e. that one get a well-
defined action
—adj;, gy Xg. — g
(z,) — —ad,a = —a o ad,.

However, this action will in general not be continuous if one endows the target space with
its Banach space topology. Nevertheless it is continuous if the target space is equipped
with the induced topology from g%. Under the additional assumption that —ad@f

g. X g_ — g_ is continuous with respect to the Banach space topologies of g, and g_
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(for instance in the case where g_ is a closed subspace of the dual g% ), g; acts also
continuously on g* by

(adjy )" @ gy xgt — g-
(x, F) +—— Foad].

4.3. Adjoint representation on the space of skew-symmetric bilinear maps.
Suppose that we have a continuous injection from a Banach space g_ into the dual space
g’ of a Banach algebra g, and that g, acts continously on g_ by coadjoint action, i.e.
suppose that —adj; takes values in g_ and that —adj; :g4 X g- — g_ is continuous. In
order to simplify notation, we will write just ad” for adj; and ad™ for (adj, )*. Denote by
L™*(g_, g+; K) the space of continuous multilinear maps from g_ X --- X g_ X gy X-+- X g4
to K, where g_ is repeated r-times and g is repeated s-times. Since g, acts continuously
by adjoint action on itself and by coadjoint action on g_, one can define a continuous
action of gy on L™*(g_, g,;K), called also adjoint action, by

T
7,8 o *
aud:(lc )t(al,...,ar,xl,...,xs)— E t(ag,...,ad ay, ..., ., T1,. .., T5)
=1

S
— g t(ag, ..., 1, ..., adx;, . .. ),
i=1

where t € L™(g_,g.;K), fori e {1,...,r}, oy € g_, and for i € {1,...,s}, z; €g,. In
particular, the adjoint action of g, on L*%(g_,g,;K) = L(g_, g_; K) reads :

(4.3) ad >Vt (o, ap) = t(adioy, o) + t(ag, adiay).

Note that the adjoint action ad®*? preserves the subspace of skew-symmetric continuous
bilinear maps on g_, denoted by A?g* (g_),

A29*_(9—) = {t € L(9—>9—§K)> Ve, ez € 9—,13(61, 62) = —t(€2,61)}-

4.4. Subspaces of skew-symmetric bilinear maps. For any subspace g, C g*, the
subspace A%g, (g_) C A2g* (g_) refers to the subspace consisting of elements t € A%g* (g_)
such that the maps a — t(ey, a) belong to g, C g* for any e; € g_.

Ngy(g-) ={t € A’g"(g-), Ve1 € g_, (> t(e1,0)) € g1}

The space A%g, (g_) is therefore a space of maps acting on g_, and we will keep writting
g_ in parenthesis in order to avoid confusions.

4.5. 1-Cocycles. Let us recall the notion of 1-cocycle. Let G, be a Banach Lie group,
and consider an affine action of G, on a Banach space V', i.e. a group morphism & of G,
into the Affine group Aff(V') of transformations of V. Using the isomorphism Aff(V') =
GL(V) x V, & decomposes into (¢, O) where ¢ : G4 — GL(V) and © : G — V. The
condition that ® is a group morphism implies that ¢ is a group morphism and that ©
satisfies :

(4.4) O(gh) = ©(g) + ¢(9)(O(h)),

where g, h € G,. One says that © is a 1-cocycle on G, relative to ¢. The derivative
d® of ¢ at the unit element of G, is a Lie algebra morphism of the Lie algebra g, of
G into the Lie algebra aff(V') of Aff(V). By the isomorphism aff(V') = gl(V') x V, d®
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decomposes into (dy,d®) where dp : g, — gl(V) is the Lie algebra morphism induced
by ¢ and dO© : g, — V satisfies :

(4.5) dO ([z,y]) = de(x) (dO(y)) — de(y) (dO(z)),
for z,y € g,. Indeed, one has for h, g € G,

O (ghg™") = O(g) + ¢(9) (O(h)) + (ghg™")e(g) (Bg™))
and for g € G and y € g4,

O (e49) = O(g) + w(g) (O(e™)) + () p(g) (B(g71)) -
Differentiating the last equality with respect to t leads to

dO(Ad(g)y) = ¢(g) (dO(y)) + de (Ad(g)(y)) v(9) (Og™)) .

where Ad denotes the adjoint action of Gy on its Lie algebra. Letting ¢ = e**, with
x € g, and differentiating with respect to s gives

dO([z,y]) = de(x) (dO(y)) + dp([x, y]) (B(e)) + dp(y)dp(x) (B(e)) — dip(y) (dO(x)) .
The cocycle identity (45]) then follows from
O(e) =0O(e-e) =0.
One says that dO is a 1-cocycle on g relative to dp.

Examples 4.1. Let us consider in particular the Banach space V = L(g_, g_; K), where
g is a Banach space that injects continuously in the dual space g% of a Banach algebra
g, is stable under the coadjoint action of g,, and such that the coadjoint action of g,
on g_ is continuous. A 1-cocycle 6 on g, relative to the natural action ad®9 of g+ on
L(g_,9_;K) given by (43) is a linear map 6 : g, — L(g_, g_;K) which satisfies :

0 ([z,y]) =adP? (8(y)) — ad*” (6(x))
where x,y € g.. For o and 8 in g_, one therefore has
(4.6) 0([z,y]) (o, B) = 6(y)(adzer, B) + O(y) (e, ad; B) — O(x)(adyar, B) — O(x)(cv, adyB).

4.6. Manin triple and 1-cocycles. The following proposition enable to define 1-cocycles
naturally associated to a Manin triple.

Theorem 4.2. Let (g,9+,09-) be a Manin triple for a non-degenerated symmetric bilinear
continuous map (-,-)g g x g — K. Then

(1) The map (-,-)q restricts to a duality pairing (-,-)q, o~ : 8+ X g— = K.
(2) The subspace g+ — g* 1is stable under the coadjoint action of g_ on g* and

ad:;(x) = —Pgy ([O" x]g)

for any x € gy and o € g_. In particular,

ad® : g_xgy — g4
(Oz,:L’) = —DPgy ([awf]g)

1S continuous.
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(3) The subspace g_ — g* is stable under the coadjoint action of g on g’ and

ad, (o) = —py_ ([z, aly)
for any x € g. and o € g_. In particular,

ad® : gL xg. — g_
(z,a) = —pg_ [z, alg)
1S CONtINUOUS.
(4) The dual map to the bracket [-,-|,  restricts to a 1-cocycle 6 : g, — A*gy(g-)
with respect to the adjoint representation ad®® of g, on A2g,(g_) C A%g* (g_).
(5) The dual map to the bracket [-,-]y, restricts to a 1-cocycle 0 : g_ — A?g_(g4)
with respect to the adjoint representation ad®® of g_ on Ag_(g4) C A% (g4).

Proof. (1) Let us show that the restriction of the non-degenerate bilinear form (-, ), :
gxg—Ktog, xg_ denoted by

(g 10+ xg- 2K

is a non-degenerate duality pairing between g, and g_. Suppose that there exists
xr € g4 such that (z,a),, o = 0 for all @ € g_. Then, since g, is isotropic for
(-,-)q, one has (x,y), = 0 for all y € g, and the non-degeneracy of (-, -), implies
that © = 0. The same argument apply interchanging g, and g_, thus (-, )4, 4 is
non-degenerate. As a consequence, one obtains two continuous injections

g- — 95 and 9+ — 9-
a = <'aa>9+79—’ z = <Ia '>g+797'
(2)-(3) Let us show that both
g+ Cg-
and
g- Cgl
are stable under the coadjoint action of g_ on g* and g, on g7 respectively.
Indeed, the invariance of the bilinear form (-, ), with respect to the bracket [, -],
implies that for any = € g, and o € g_,
<£L’, [av ']9>9 = —<[Oé, x]gv '>9'
Hence, since g_ is isotropic,
(z, o, ']g>9+797 = _<p9+ ([ev, x]ﬂ) ) '>g+,97’

for any x € g, and any a € g_. It follows that

ad,’;(x) = —Pgy ([O" x]g)
and similarly
adg (o) = —py_ ([, olg)

for any x € g, and a € g_. The continuity of the corresponding adjoint maps
follows from the continuity of the bracket |-, -]; and of the projections p,, and p,_.
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(4)-(5) Let us prove that the dual map of the Lie bracket on g_ restricts to a 1-cocycle

with respect to the adjoint representation of g, on A?g,(g_). The dual map of
the bilinear map [-,|,_ is given by

[ls s gt — L(g—,05K) ~L(g-;9°)
F() — Fle) = (e F(lo ) =adiF (),

and takes values in A*g* (g_). Since by (2), g— C g% is stable under the coadjoint
action of g, and since the coadjoint action ad® : g, X g_ — g_ is continuous,
one can consider the adjoint action of g, on A%g* (g_) defined by (43). Since
the duality pairing (-,-)y, ¢ induces a continuous injection gy < g*, one can
consider the subspace A%g, (g_) of A%g* (g_) defined in Section B4l Denote by 6
the restriction of [-,-]> to the subspace g, C g* :
0: g+ — L(g-,0K) =L(g_;g)
r (.7}, ['7 ']97>g+797 = (a = <§L’, [av ']97>9+,97 = adzx(')) :

One sees immediately that the map 0 takes values in A%g,(g_) if and only if
ad z € g, for any a € g_ and for any x € g, which is verified by (2). Using the
fact that the duality pairing (-,-)g, o is the restriction of (-,-); and that (-,-), is
invariant with respect to the bracket [-,-]4, one has

([z,y], o, 5]>9779+ = —([a, [z,y]], B)s
and the Jacobi identity verified by [-, |4 implies

([z,9], [, Bl)g_ g = ([l 2], 9], B)g = ([, [, W], B)g-
Using the decomposition
~la.a] = —py_lo,2] — py, a,2] = —adia + adia,
and similarly
—[o, y] = —pg_[o, y] — pg. [, y] = —adya + ady,
one gets
(lz, 9], [, Bl)grg- = (ladgr — adier, yl, B)g + ([2, ad,y — ady], By,

hence

([ 9l [, B)gra- = (lada, y], B)g + ([z, adyyl, B)q
+(y, [ad,, B])g — (2, [ady, Bl),.

It follows that
adz [LU, y] = [adzxv y] + [LU, adzy] + ad;d;ay - ad;d?jax'

(This is exactly the formula given in [LW90] page 507, but with the opposite sign
convention for the coadjoint map ad*). On the other hand, the condition (5.4))
that 6 is a 1-cocycle reads :

<[.7}, y]v [av ﬁ])ng,g, = +<y7 [ad;a, ﬁ]>9+797 + <y7 [av ad;ﬁ]>g+797
—<$, [ad;a, ﬁ]>9+79— - <I, [Oé, ad;5]>g+,9—’
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The first and third terms in the RHS of (4.8) equal the last two terms in the RHS
of (A7), whereas the last term in the RHS of (4.8) reads

—<$, [Oé, ad25]>9+79— = <[a7 x]v adZﬁ)g = <p9+([a7 SL‘]), adzﬁ>9+7gf
= —<adzif’ adgjﬂ)gﬁgf = _<[y’ adZIL 5)9%977

and similarly the second term in the RHS of (£.8) reads

(Y, [a, ad;5]>g+,gf = <[$>ad§;y],5>g+7g=

Hence the equivalence between (4.8]) and (A7) follows. By interchanging the roles
of g, and g_, one proves (5) in a similar way.
U

5. BANACH POISSON MANIFOLDS, BANACH LIE-POISSON SPACES AND BANACH LIE
BIALGEBRAS

5.1. Definition of Banach Poisson manifolds. The notions of Banach Poisson mani-
folds and Banach Lie-Poisson spaces were introduced in [OR03]. The notion of sub-Poisson
manifold was introduced in [CP12] and is equivalent to the notion of generalized Poisson
manifold we define below. In the case of locally convex spaces, an analoguous definition of
weak Poisson manifold structure was defined in [NST14]. In the symplectic case, related
notions were introduced in [DGRI5] enabling the study of the orbital stability of some
hamiltonian PDE’s. In the present paper, we restrict ourselves to the Banach setting
but generalize slightly these notions to the case where an arbitrary duality pairing is
considered, and where the existence of hamiltonian vector fields is not assumed. More-
over, instead of working with subalgebras of the space of smooth functions on a Banach
manifold, we will work with subbundles of the cotangent bundle (see Remark [5.2] below).

Recall that a function f : E — F between two Banach spaces is called Fréchet
differentiable at p € E if there exists a bounded linear operator df, from E to F' such that

lim |f(p+2)— f(p) —dfp(2)|r

=0 | 2

=0.

A function is called Fréchet differentiable on FE if it is Fréchet differentiable at every
p € E. In that case, the Fréchet differential df : E — L(F, F') may itself be differentiable
leading to the notion of C? functions between the Banach spaces E and F. By induction,
one can define the notion of smooth functions between two Banach spaces. A smooth real
function on a Banach manifold M is a function which is smooth in any chart of M. We
will denote by C*°(M) the algebra of smooth real functions on a Banach manifold M.

Definition 5.1. Consider a unital subalgebra A C C*(M) of smooth functions on a
Banach manifold M, i.e. A is vector subspace of C*°(M) containing the constants and
stable under pointwise multiplication. A R-bilinear operation {-,-} : Ax A — A is called
a Poisson bracket on M if it satisfies :

(1) anti-symmetry : {f, 0} = {9, f} ;
(ii) Jacobi identity : {{f, g}, h} +{{g, h}, [} +{{h f}, 9} =0;
(iii) Leibniz formula : {f,gh} = {f,g}h+ g{f,h} ;

Remark 5.2. (1) Note that the Leibniz rule implies that for any f € A, {f,-} acts
by derivations on the subalgebra A C C*(M). When M is finite-dimensional and
A = C>®(M), this condition implies that {f,-} is a smooth vector field X; on M,
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called the hamiltonian vector field associated to f, uniquely defined by its action
on C*(M) :
Xp(f) = dh(Xy) = {f h}.

It is worth noting that on a infinite-dimensional Hilbert space, there exists deriva-
tions of order greater than 1, i.e. that do not depend only on the differentials of
functions (see Lemma 28.4 in [KM97], chapter VI). It follows that, contrary to
the finite-dimensional case, one may not be able to associate a Poisson tensor (see
Definition [5.4] below) to a given Poisson bracket. Examples of Poisson brackets
not given by Poisson tensors were constructed in [BGT1S].

(2) Given a covector £ € Ty M, it is always possible to extend it to a locally defined
I-form o with «, = £ (for instance by setting a equal to a constant in a chart
around p € M). However, it may not be possible to extend it to a smooth 1-form
on M. It may therefore not be possible to find a smooth real function on M
whose differential equals £ at p € M. The difficulty resides in defining smooth
bump functions, which are, in the finite dimensional Euclidean case, usually con-
structed using the differentiability of the norm. In [R64], it was shown that a
Banach space admits a C'-norm away from the origin if and only if its dual is sep-
arable. Remark that L*(H) is not separable (since it contains the nonseparable
Banach space [* as the space of diagonal operators). It follows that the dual of
L>(H) is nonseparable (since by Theorem II1.7 in [RS80], if the dual of a Banach
space is separable, so is the Banach space itself). Therefore working with unital
subalgebras of smooth functions on a Banach manifold modelled on L*>(H) (or
on Lyes(H) and ue(H)) may lead to unexpected difficulties. For this reason, we
will adapt the definition of Banach Poisson manifold and work with local sections
of subbundles of the cotangent space. The link between unital subalgebras and
subbundles of the cotangent bundle is given by next definition.

Definition 5.3. Let M be a Banach manifold and A be a unital subalgebra of C*(M).
The first jet of A, denoted by J*(A) is the subbundle of the cotangent bundle T*M whose
fiber over p € M is the space of differentials of functions in A,

T (A)p = {dfy, f € A}

Let F be a subbundle of the cotangent bundle T*M, i.e. F, is a subspace of T M,
for every p € M. Endow each fiber [, with the norm of the dual space TyM, p € M.
We will say that F is in duality with the tangent space to M if, for every p € M, the
natural duality pairing between Ty M and T),M restricts to a duality pairing between F,
and T,M, ie. if and only if [, separates points in 7M. Note that F, is complete if
and only if it is closed in Ty M. Recall that, since R is complete, the dual space F) of
[F, is complete, even if F,, isn’t (see for instance [Brel0] section 1.1). We will denote by
AF*(FF) the vector bundle over M whose fiber over p is the Banach space of continuous
skew-symmetric bilinear forms on the normed vector space IF,,.

Definition 5.4. Let M be a Banach manifold and F a subbundle of 7*M in duality with
TM. A smooth section 7 of A?F*(F) is called a Poisson tensor on M with respect to F
if :
(1) for any closed local sections «, [ of IF, the differential d (7(«, 3)) is a local section
of IF;
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(2) (Jacobi) for any closed local sections a, 3, v of F,
(5.1) (e, d(m(8,7))) + 7 (8,d (7(v,@))) + 7 (v, d (x(e, §))) = 0.

Definition 5.5. A generalized Banach Poisson manifold is a triple (M,F, ) con-
sisting of a smooth Banach manifold M, a subbundle F of the cotangent bundle T*M in
duality with TM, and a Poisson tensor m on M with respect to .

Remark 5.6. Taking a unital subalgebra A of C*(M), F = J'(A), and {f, g} = =(df, dg),
our definition of generalized Banach Poisson manifold differs from the one given in [NST14]
by the fact that we do not assume the existence of hamiltonian vector fields associated
to functions f € A (condition P3 in Definition 2.1 in [NST14]). In other words, for
feA {f, -} is aderivation on A C C>*°(M) that may not —with our definition of Poisson
manifold— be given by a smooth vector field on M. However, since the Poisson bracket is
given by a smooth Poisson tensor, {f,-} is a smooth section of the bundle J*(A)*(J'(A))
whose fiber over p € M is the dual Banach space to the norm vector space J 1(A)p.

An important class of finite-dimensional Poisson manifolds is provided by symplectic
manifolds. As we will see below, this is also the case in the Banach setting, i.e. general
Banach symplectic manifolds (not necessarily strong symplectic) are particular examples
of generalized Banach Poisson manifolds. Let us recall the following definitions. The
exterior derivative d associates to a n-form on M a (n + 1)-form on M. In particular,
for any 2-form w on a Banach manifold M, the exterior derivative of w is the 3-form dw
defined by :

de(Xv Y7 Z) = _wp([)zl ]~7 Z) _':wp([Xu Z]v Yf) - wp([?vg]v X)
n <dp (w( ,Z)) X

where X,Y,Z are any smooth extensions of X, Y and Z € T,M around p € M. An
expression of this formula in a chart shows that it does not depends on the extensions
X,Y,Z, but only on the values of these vector fields at p € M, i.e. it defines an tensor

(see Proposition 3.2, chapter V in |La01]). The contraction or interior product ixw of a
n-form w with a vector field X is the (n — 1)-form defined by

7;XW(lea e aYn—l) = W(Xa lea e aYn—l)~
The Lie derivative £ x with respect to a vector field X can be defined using Cartan formula

The Lie derivative, the bracket [X,Y] of two vector fields X and Y, and the interior
product satisfy the following relation (see Proposition 5.3, chapter V in [La0l]) :

- <dp (woz, z>) Y

>T;; M,T,M >T; M,T,M

(53) 'l.[X7y] = ﬁxiy — iyﬁx.
Let us recall the definition of a Banach (weak) symplectic manifold.

Definition 5.7. A Banach symplectic manifold is a Banach manifold M endowed
with a 2-form w € T (A*T*M (T M)) such that
(1) w is non-degenerate, i.e. the map
Whs T,M — TiM
X = ixw = w(X, )

is injective for any p € M ;

+ (d, (w(X, 7)),

A

)
>T;; M,T,M
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(2) w is closed, i.e. dw = 0.

Lemma 5.8. Let (M,w) be a Banach symplectic manifold. Consider o and [ two closed
local sections of W (TM), i.e. da=df =0, a =w(X,,") and 8 = w(Xg, ) for some local
vector fields X, and Xg. Then

(1) Lx,w = 0= Lx,w, in other words X, and Xz are symplectic vector fields ;
(2) ixa,xpw = —d(w (XaaXﬁ))-

Proof. (1) By Cartan formula (5.2)), one has Lx w = ix,dw + dix,w = dix,w, since
w is closed. But by definition ix w = « is closed. Using d od = 0 (see Sup-
plement 6.4A in [AMRSS] for a proof of this identity in the Banach context), it
follows that Lx,w = 0. Similarly Lx,w = 0.

(2) By relation (5.3), one has

Z[Xng}W = ,CXQZXBCU — Zxﬂﬁxaw,

where the second term in the RHS vanishes by (1). Using Cartan formula, one
gets

Z.[meﬂ]w = dz'XaiXBw + 'éXad('éng) = dixaixﬂw = d(W(XB,Xa)) = —d (W(XQ,XB)) s

where we have used that ix,w = 3 is closed.
O

Proposition 5.9. Any Banach symplectic manifold (M, w) is naturally a generalized Ba-
nach Poisson manifold (M,F, ) with

(1) F = wH(TM);

(2) 7 defined by

R
w(Xa, Xg),

m, WHT,M) x w*(T,M)
(@, 5)

where X, and Xg are uniquely defined by o = w(Xa, ) and f = w(Xg, ).

%
H

Proof. (1) By Lemmal[5.8 for any closed local sections a and f of F, with o = w(X,, )
and 8 = w(Xg, -), one has

d(m(e, f)) = d(w(Xa, Xp)) = —i[x0 x5,

hence is a local section of F = w#(T'M).

(2) Let us show that 7 satisfies the Jacobi identity (5.I]). Consider closed local sections
a, 3 and v of F and define the local vector fields X,, X3 and X, by a = ix, w,
B =ix,w and 7 = iy, w. Using Lemma [5.8, the differential of w satisfies

dw(Xo, X, Xy) = 2( w([Xa, X5, Xy) + w([Xa, X, ], X5) — w([Xs, X5], Xa))
= 2(m(d(m(a,8),7)) + 7 (d(n(y,2)),8) +7(d(x(5,7)), ).

Since w is closed, the Jacobi identity (5.1]) is satisfied.
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5.2. Banach Lie-Poisson spaces.

Definition 5.10. Consider a duality pairing (-,-)g, 4. : g+ X g- — K between two
Banach spaces. We will say that g, is a Banach Lie-Poisson space with respect to
g_ if g_ is a Banach Lie algebra (g_, [-,]; ) which acts continuously on g; by coadjoint
action.

Remark 5.11. A Banach Lie-Poisson space g, with respect to the dual space g7 is a
Banach Lie-Poisson space in the sense of Definition 4.1 in [OR03].

The following Theorem is a generalization of Theorem 4.2 in J[OR03| to the case of
an arbitrary duality pairing between two Banach spaces g, and g_ and is equivalent to
Corollary 2.11 in [NST14].

Theorem 5.12. Consider a duality pairing (-, )q, o : g+ X g— — K between two Banach
spaces. Suppose that g, is a Banach Lie-Poisson space with respect to g_. Denote by
A the unital subalgebra of C*(gy) generated by g_. Define the Poisson bracket of two
functions f,h in A by

{fv h}(‘r) = Wm(dfxa dhx) = <SL’, [dfm dhw]97>g

where x € gy, and df and dh denote the Fréchet derivatives of f and h respectively. Then
(g4, J'(A), 7) is a generalized Banach Poisson manifold. If h is a smooth function on g
belonging to A, the associated hamiltonian vector field is given by

+,8— !

Xn(z) = —adgm@ € g+

Remark 5.13. One can ask whether the converse of Theorem [5.12]is true for an arbitrary
duality pairing (-,-)g, 4. : 0+ X g— — K between two Banach spaces. More precisely,
suppose that (g, J'(A),7) is a generalized Banach Poisson manifold such that :

(1) A is the unital subalgebra of C*°(g. ) generated by g_,
(2) g— C C>(g4) is a Banach Lie algebra under the Poisson bracket operation.

Is it true that the Banach Lie algebra (g_, [, ]; ) acts continuously on g. by coadjoint
action? If g, is closed in g*, the answer is yes. Otherwise g, is stable by the coadjoint
action of g_, but the coadjoint action

ad* : g_xg, — g4
(,x) +— adiz=m(a,-)

may not be continuous for the Banach product topology on g_ x g, and the Banach space
topology on the target space g,. See also Section

5.3. Definition of Banach Lie bialgebras. Let us recall the definition of Lie bialgebra,
adapted to the Banach setting. We refer the reader to [LW90] for the corresponding notion
in the finite-dimensional case.

Definition 5.14. Let g, be a Banach Lie algebra over the field K € {R,C}, and a
duality pairing (-,-)g, o between g, and a normed vector space g_. One says that g, is
a Banach Lie bialgebra with respect to g_ if

(1) g4 acts continuously by coadjoint action on g_.
(2) there is a 1-cocycle 6 : g, — A?g* (g_) with respect to the adjoint representation

ad®% of g, on A%g* (g_).
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Remark 5.15. (1) The first condition in Definition [5.14] means that g_ is preserved
by the coadjoint action of g, , i.e

ad;g- C g- C g}
for any x € g., and that the action map
gr Xg- — g
(x,a) +— adl«a

is continuous. This condition is necessary in order to define the adjoint action of
g+ on the space A%g* (g_) of continuous skew-symmetric maps on g_ by (Z3)).
(2) The map 6 is a 1-cocycle on g if it satisfies :

0 (lz,y)) =ad?? (6(y)) — ad?” (6(x))

where z,y € g.. The second condition in Definition [5.14] means therefore that

(see section [1.5)
(5.4) 0 ([z,y]) (o, B) = O(y)(ad;v, B) + 0(y)(a, ad; B) — O(x)(ad, v, B) — O(x)(cx, ad, 3).

for any x,y in g, and any o, 5 in g_.

(3) Let us remark that we do not assume that the cocycle 6 takes values in the subspace
A?g.(g_) of A%g* (g_). This is related to the weak notion of Poisson manifolds
given in Definition Note also that we do not assume that g_ is complete.

5.4. Banach Lie bialgebras versus Manin triples. In the finite-dimensional case,
the notion of Lie bialgebra is equivalent to the notion of Manin triple (see for instance
section 1.6 in [Ko04]). In the infinite-dimensional case the notion of Banach Lie-Poisson
space comes into play.

Theorem 5.16. Consider two Banach Lie algebras (g+, [ -]g+) and (g_, [ -]gf) in dual-
ity. Denote by g the Banach space g = g4 @ g— with norm || - ||g = || - |lgy + | - lg_- The
following assertions are equivalent.

(1) g+ is a Banach Lie-Poisson space and a Banach Lie bialgebra with respect to g_
with cocycle 0 == [, : g4 — A’g* (g-);

(2) (g,0+,08-) is a Manin triple for the natural non-degenerate symmetric bilinear map
() gxg - K

(@,0) X (y,8) = (2,8)gr0- + (Y Wi

(3) g_ is a Banach Lie-Poisson space and a Banach Lie bialgebra with respect to g
with cocycle 0 .= [-,-]: =g — Ngi(94);

Proof. (2) = (1) follows from Theorem .2l Let us prove (1) = (2). Since g, is a Banach
Lie-Poisson space, g_ is a Banach Lie algebra (g_, |-, |;_) such that the coadjoint action
of g_ on g* preserves the subspace g, C g* and the map

ad® @ g_xg. — g4
(,z) +— adiz,
is continuous. Since g, is a Banach Lie bialgebra, the coadjoint action of g on g%
preserves the subspace g_ C g% and the map
ad® : gy XxXg. — g_
(r,a) +— adla,
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is continuous. Therefore the following bracket is continuous on g =g, & g_ :

[oole gxg — g=0+Dg-
(z,0) < (y,8) = ([v.9lg, +adjz —adly, [o By +adja—ad;B).

Let us show that the symmetric non-degenerate pairing (-, -), is invariant with respect to

the bracket [-,-]. For this, we will use the fact that g, and g_ are isotropic subspaces

for (-,-)y. For x € g and o € g_, one has [z,a], = (adx, —adj«). Therefore, for any
x € g, and any a, 5 € g_, one has

([z,aly, B)y = (adyz, B)g = (r,adaf)q = (2, [a

= —(x,[8, alg)y = —(adpe, @)y =

Similarly, for any z,y € g, and any 8 € g_, one has

<[x7y]97ﬁ>g = <yvad;ﬁ>g = <y7 [ﬁ,ﬂg)g = _<ad2ﬁvx>g = <[y75]97‘7:>9‘

By linearity, it follows that (-, -), is invariant with respect to [-, -],.
It remains to verify that [-, |, satisfies the Jacobi identity. Let us first show that for
any z,y € g+ and any o € g_,
[O" [I’ y“ = [[O" :L’], y] + [I’ [O" y“
The dual map of the bilinear map [-, -], is given by
[ ls 08t — L(g—,05K) ~L(g_;9°)
F() — Flde) = (am Fla s ) =adiF ().
Denote by @ its restriction to the subspace g, of g*
0 : g+ — L(g-,0-:K) =~L(g—;07)
r (.7}, ['7 ']97>g+797 = (a = <§L’, [av ']97>9+,97 = adax(')) :

*
g—

Blaa
(18, 2]y, 0

Since g is a Banach Lie-Poisson space, the cocycle 6 = [-,-]% restricted to g, C g* takes

values in A?g, (g_). The cocycle condition (5.4 reads

<[SL’, y]? [av 5])9%9— = +<y7 [adzav B]>9+ g— + <y7 [
(59) ~(, oy, Bl)g. o — ([0 ad} 3
<[l’, y]? [av 5])9%9— = +<y7 [adzav B]>9+ g— + <y7 [ -
—<$, [adZa, ﬁ]>9+797 <§L’, [av ad*ﬁ 9+,0—>

where x,y € g, and «, § € g_. Using the definition of the bracket (-, -
with respect to [-, |4, this is equivalent to

—<[Oz, [x>y]]>5>g = _<[ad;a’y]>5>g - <[a,y], ad:nﬁ)g
+([ad,, 2], B)g + ([, 7], ad; B).

Using the fact that g; and g_ are isotropic subspaces for (-, -),, one gets

—([Oé, [xvy]]vﬁ>g = _<[ad;avy]vﬁ> <aday,ad26)g+,g,
+<[ad2a,x],ﬁ>g (ad’ x, adZﬁ)g%gf.

Using the definition of the coadjoint actions, one obtains

—(la [z, 9]}, B)g = —(lad, . y], B)g + ([2, ad,y], B)g, 0
Hladya, 7], B) — (ly, ad,2], 5

>g+,g, )
or, 111 a 1more Compact manner,

_<[a7 [xvy]]vﬁ>g = <[ad2~77 - ad;avy]v ﬁ>9 + <[£L’, ad:;y - adza]v ﬁ>9
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Using [r, oy = adjz — adja, and [y, a]; = ad,y — adja, one eventually gets

(5.6) = (la [z, 91l B)g = = (llev, 2], 9], B)g — ([, [, 411, B,

for any z,y € g4 and any «a, 5 € g_. Since (-, ), restricts to the duality pairing between
g, and g_, it follows that

(5'7) Pg, [O" [I’ y“ = Pg, [[O" :L’], y] + Day [I’ [O" y“’
for any x,y € g+ and any a € g_. On the other hand,
py_la, [z, Y]] = adp, o,
as well as
py_[lo, 2], y] = adjad;a,
and

Pg_ [.Z’, [Oé, y]] = _ad;a’dza’
Using the Jacobi identity verified by the bracket in g, it follows that
{a llz, 4l 2Dgrg- = (o2, [y, 2]l — (o Y (2, 2]])gr g
therefore
(5.8) pa_le, [z, y]] = py_[lev, 2], y] + py_ [z, [a, ],
for any z,y € gy and any a € g_. Combining (5.7) and (5.8)), it follows that
o, [z, 9]] = [lov, 2], y] + [, [ev, ],

for any z,y € gy and any o € g_.
It remains to show that for any « € g, and any o, 3 € g_,

[z, e, B]] = [[z, o], 8] + [a, [z, B]].
By the Jacobi identity verified by the bracket in g_, one has

(59) Py, [xv [Oé, ﬁ” = Dy, HLL’, Oé], B] + Py, [av [l’, ﬁ]]
Let us show that
pg_lz, o, Bl] = py_[lz, a], B] + pg_[a, [z, B]],
for any x € g, and any «, 8 € g_. For any x,y € g, and any o, 3 € g_, one has

(y,pg, [:L”, [a> 5]])9%97 = _<y> adz[a, 5]>9+797 = —<[93,y], [O" 6])9%97 = <[a> [as,y]], 5)9
On the other hand, for any x,y € g4 and any «, 3 € g_, one has

<y7pg— HLL’, Oé], 5])9%97 = <y7 H$, Oé], B]>9 = <[[Oé, $], y]v 5)97
and

<y7pg— [av [xvﬁ]Dngg— = <y7 [Oé, [xv ﬁ]]>9 = <[l’, [avy]Lﬁ)g‘
By (5.6)), it follows that

(5.10) Dg_ [:L”, [a> BH = Dg- [[I’ a]’ ﬁ] + Pg_ [a> [:L”, BH
Combining (5.9) and (5.10), it follows that
[z, e, B]] = [z, o], 8] + [a, [z, 5],

for any = € g, and any o, € g_. This ends the proof of (1) = (2). The equivalence
with (3) follows by symmetry of (2). O
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Remark 5.17. It is noteworthy that the cocycle condition needs only to be verified for
one of the Banach Lie algebra g, or g_. The following Corollary is therefore a direct
consequence of the proof of Theorem [5.16]

Corollary 5.18. Consider two Banach Lie algebras (g+, [ -]g+) and (g_, [ -]gf) in du-
ality. If g4 is a Banach Lie-Poisson space and a Banach Lie bialgebra with respect to g_,
then g_ is a Banach Lie-Poisson space and a Banach Lie bialgebra with respect to g, .

5.5. Iwasawa Banach Lie bialgebras. Endow the separable complex Hilbert space H
with an orthonormal basis {|n)},cz, ordered according to decreasing values of n. Let
H. be the complex closed subspace of H generated by {|n)},>o and H_ be the complex
closed subspace of H generated by {|n)},<o. The Banach Lie algebras Les(H) and Ly o(H)
associated to the Hilbert space decomposition H = H, & H_ and the corresponding
unitary algebra te(H) and uy o(H) were introduced in section 2.4l The following Banach
Lie subalgebras of L; o(#) were introduced in section 2.10] :

b1 ,(H) = {a € L12(H),a(|n)) € span{|m),m > n} and (n|a|n) € R,for n € Z}.

b (") ={a € Lia(H),a(|n)) € span{|m),m < n} and (n|a|n) € R, for n € Z}.
Similarly, consider the following Banach Lie subalgebras of Lyes(H) :
bf (H) ={a € Lies(H),a(|n)) € span{|m),m > n} and (n|a|n) € R, for n € Z}.

res

bres

(H) = {a € Lies(H),a (In)) € span{|m), m < n} and (n|ajn) € R, for n € Z}.

Consider

a_4 G——

a = (a++ a+_) € Lres(H)>

where Gyyq € LOO(H+,H+), a__ € LOO(H_,H_>, a_4 € L2(H+,H_), ay_ € L2(H_,H+>
and similarly

where by € LY (M, Hy), b € LN H_,H_), by € L*(Hy, H_), by € L*(H_,H).
One has

ab — a++b++ + a+_b_+ a++b+_ + CL+_b__
a_+b++ + a__b_+ a_+b+_ + a__b__ ]~

Therefore ab € L; 5(H). The trace of ab is defined by
Trab=Tray by +Tray by +Tra_y by +Tra__b__.
Recall that by Proposition 2.1 in [GO10],
Trab = Trba,

for every a € Lyes(H) and b € Ly o(H). Let us denote by (-, -)1,....1, , the continuous bilinear
map given by the imaginary part of the trace :

(s MLz Lres(H) x Lio(H) — R
(z,y) — QTr (xy) .
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Proposition 5.19. The continuous bilinear map (-, -)1,.. 1., Testricts to a duality pairing
between tes(H) and by ,(H) denoted by

<.7 .>urc57bl,2 : urCS(H) X b::[t,Q(H) — R
(z,y) —  QTr (zy) .

Stmilarly the continuous bilinear map (-, ). 1., restricts to a duality pairing between
b, (H) and uyo(H) denoted by

<.7 .>brcs,u1,2 : b;teS(H) X u172(H) —> R
(z,y) — STr (xy) .

Proof. Let us show that the map (a,b) — ITrab is non-degenerate for a € u(H) and
b€ by, (H).

Suppose that a € wes(H) is such that ITrab = 0 for any b € by, (#H) and let us show
that a necessary vanishes. Since {|n)},ez is an orthonormal basis of H and a is bounded,
it is sufficient to show that for any n,m € Z, (n,am) = 0. In fact, since a is skew-
symmetric, it is enough to show that (n,am) = 0 for n < m. For n > m, the operator
E,m of rank one given by x +— (x,m)|n) belongs to by ,(#). Hence for n > m, one has

STraE,, = (Z(j, m)(J, an)) = S (m,an) = 0.
jEz.

In particular, for m = n, since (n,an) is purely imaginary, one has (n,an) = 0, Vn € Z.

For n > m, the operator iE,,, belongs also to bf,(#) and

STr ai B = S (Zz@, m) (7, an>> = R(m,an) = 0.
jEL
This allows to conclude that (m,an) = 0 for any n,m € Z, hence a = 0 € ues(H).
On the other hand, consider an element b € bi,(#) such that STrab = 0 for any
a € Ues(H). We will show that (n,bm) = 0 for any n,m € Z such that n > m. For
n > m, the operator E,,,, — Ey, belongs to u.es(H), and for n > m, i Eyyp+iEnm € tes(H).
Therefore for n > m, one has

STr (Emn — Enm) b= S ((n,bm) — (m,bn)) = I(n,bm) = 0,
and for n > m, one has
STr (i By + 1Epm) b = S (i{n, bm) + i(m, bn)) = R(n,bm) = 0.

It follows that (n,bm) = 0 for all n,m € Z such that n > m. Moreover, since (n,bn) € R
for any n € Z, one also has (n,bn) = 0,Vn € Z. Consequently b = 0.

It follows that (-, uebrs  tres(H) X b7 5(H) = R, (z,y) = STray, is non-degenerate
and defines a duality pairing between ues(#) and bi,(#H). One shows in a similar way
that (-, -)r,..L,, induces a duality pairing between w.s(H) and by ,(H), between u; o(H)
and b (H), and between u; 5(H) and b (H). O

Remark 5.20. Recall that by Proposition 2.1 in [BRT07], the dual space u; o(H)* can
be identified with u,.s(H), the duality pairing being given by (a,b) — Tr (ab). By the
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previous Proposition, one has a continuous injection from b (#) into uyo(H)* by a —

(b +— QTr (ab)). The corresponding injection from b (H) into .e(H) reads :

res

v bE(H) = wes(H)
b = —5(b+b).

The range of ¢ is the subspace of u,.(?) consisting of those x € u,es(H) such that T_(z)
is bounded. Recall that T is unbounded on L*>(H), as well as on L'(H) (see [M61],
[KP70], [GKT70]), and that there exists skew-symmetric bounded operators whose trian-
gular truncation is not bounded. Therefore ¢ is not be surjective.

Theorem 5.21. The Banach Lie algebras be(H) are Banach Lie bialgebras with respect

to Uyes(H). Similarly the Banach Lie algebra uy o(H) is a Banach Lie bialgebra with respect

to b (H).

Proof. Let us show that the Lie algebra structure [, -],,.. on ues(H) is such that

(1) bi5(H) acts continuously by coadjoint action on tes(H);
(2) the dual map [-,-]F = : ufeq = L(tes, thes; K) to the Lie bracket [-, -] D Upes X

Ures — Upes Testricts to a 1-cocycle 6 1 b5 (H) = Attres(H)* (res(H)) with respect
to the adjoint representation ad®® of bfz(H) on A%t (H)* (thres(H)).
Let us first prove (1). Since by Proposition 5.1, (-, *)u,.,6,.» s @ duality pairing between

tes(#) and biy(H), the Banach space u.es(H) is a subspace in the continuous dual of
b1 (7). Recall that the coadjoint action of by, (#) on its dual reads

Ures

—ad” : bfz(H) X bli,z(H)* — bf2(H)*
(z, ) — —ad,a = —a o ad,.

Let us show that u,e(#H) is invariant under coadjoint action. This means that when « is
given by a(y) = STray for some a € u,s(H), then, for any x € bfz(H), the one form
B = —ad;a reads B(y) = STray for some a € uyes(H). One has

Bly) = —ada(y) = —a(ad,y) = —a([z,y]) = —STralz,y] = —STr (azy — ayx),

where a € us(H), z,y € be(H). Since ay and x belong to L*(H), ayz and way belong
to L'(H) and Tr (ayz) = Tr (zay). Since axy belongs also to L'(H), one has

B(y) = =STr (azy) + STr (ayx) = —STr (axy) + STr (zay) = —STr ([a, z]y).

Note that [a, z] belongs to L*(#H). Recall that by Proposition [3.4] the triples of Hilbert Lie
algebras (L*(H),uz(H), b5 (H)) and (L*(H),uz(H), b, (H)) are real Hilbert Manin triples
with respect to the pairing (-, )y,, given by the imaginary part of the trace. Using the
decomposition L*(H) = uz(H) & by (H), and the continuous projection pz : L*(H) —
uy(H) with kernal b (#), one therefore has

Bly) = =STrpe([a, 2])y,
since y € by, (H) C by (H) and by (H) is isotropic. It follows that B(y) = STray with

0=~y ([a,7]) € us(H) C tys(H).
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In other words, the coadjoint action of z € biy(H) maps a € ue(H) to —adia =
—pugt([a, x]) € Upes(H). The continuity of the map

—ad” : bit,?(H) X ums(’H) — uros(H)
(.flf, a) = _ad;a = _pu;‘:([av LE])

follows from the continuity of the product

bio(H) X wes(H) — L'(H)
(z,a) = ax

and from the continuity of p,+ and of the injections L'(H) C L*(H) and us(H) C thes(H).

Let us now prove (2). The dual map of the bilinear map [-, -],,.. is given by

Ures

['7 ']:res : ureS(H)* — L(ureS(H)>ureS(H)? K) = L(ures(H)§ ures(H)*)
F() — F ([ Jures) = (= F (o Ju,,) = adi F (),

and takes values in Aues(H)* (thes(H)). Since by (1), tes(H) C b75(H)* is stable under
the coadjoint action of by (H) and the coadjoint action ad* : by(H) X thres(H) — Ures(H)
is continuous, one can consider the adjoint action of by() on Ates(H)* (tres(H)) defined
by (3). Denote by 6 the restriction of [-, -] to the subspace by,(H) C thes(H)" :

Ure

0 : bit,2(,H) — L(ures(H)aures(H);K) 2L(ures(?{);ures(;"[)*)

x — <x7 [" ']ures(H)>ur957bl,2 = (C\{ = <x7 [Of, .]ures>ure57bl,2 = a‘dzx(.)) .
The condition (5.4]) that 6 is a 1-cocycle reads :
(5.11) <[I, y]v [Oz, B]>urc57b1,2 = +<y7 [adzav ﬁ]>urc57bl,2 + <y7 [av ad;ﬁ]>urc57bl,2

—(SL’, [adZoz, /6]>urc57b1,2 - <I, [Oé, adzﬁ]>urc57hl,2'
The first term in the RHS reads
+(y, [adz @, B = STrylpz (o 2]), B] = STr [6, ylpz ([a, 7).

Using the fact that [3,y] € L*(H), and that uy(H) C L*(H) and bF (H) C L*(H) are
isotropic subspaces, one has

-y, [ad, Blhuentn 2 = STE Py (16, 9], (o, 2)).

Similarly the second, third and last term in the RHS of equation (5.11]) read respectively

+(y, [, adz B])ues 01,2 = STrpz ([, o] )p (18, 2]),
—(z, [ady e, Bl o = —STrpyz ([8, 2])pt (o, ),
—<$, [Oé, adzﬁ]>urc57bl,2 = —%Tl"pbéc([l’, O‘])qujE ([57 y])

Using ones more the fact that uy(H) C L*(H) and by (H) C L?(H) are isotropic subspaces,
it follows that the first and last term in the RHS of equation (5.I1]) sum up to give

+<y> [ad:ca> 5]>ure57b1,2 - <Ia [Oé, adgjﬁ])’hes,bl,z = —GTr [5a y] [ZL’, Oé],

and the second and third term in equation (B5.IT]) simplify to

+<y7 [Oz, ad;ﬁ]>urcs,bl,2 - <I, [adZoz, ﬁ])urcsybl,Z = —STr [ﬁv ZL’] [Oé, y]‘
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Developping the brackets and using that for A and B bounded such that AB and BA are
trace class one has Tr AB = Tr BA, the RHS of equation (B.11]) becomes

STr B, yllz, o] + STr [B, 2][a, y] = STr (—Pyza — yBax + Prya + zfay)
= QTr (zyaf — zyfa — yraf + yxfa)
= QTr [z, y][a, O]
= <[I’ y]> [a> 5]>ureS7bl,2'

One can show in a similar way that the Lie algebra structure [-,-],x on b (#) is such
that

(1) uy2(H) acts continuously by coadjoint action on b (H);

res

(2) the dual map [-,-]* D bE (H)* — L(bE,(H),bE,(H);K) to the Lie bracket

bE res res res
res

[ Jez, ¢ bE((H) X bE((H) — b (H) restricts to a 1-cocycle § @ up(H) —

A26E (H)*(bE (H)) with respect to the adjoint representation ad*® of uy »(#) on
A% (M) (bres(H)).

O

5.6. When there is no Manin triple where we expect one. Now we will prove that
the Banach space uy9(H) is not a Banach Lie-Poisson spaces with respect to b (H).
To prove this result, we will use the fact that the triangular truncation is unbounded on
the space of trace class operators (cf Proposition 2.1)). We construct in Example a
sequence of brackets [z,,y] between elements z,, € u;o(H) and an element y € b (H)
such that the Hilbert-Schmidt norm of the diagonal blocks of T’ [x,,y] diverges. This
allows to conclude in Lemma that the coadjoint action of bE (H) on u;o(H) is
unbounded. In a similar way, the coadjoint action of w.(H) on bf,(#H) is unbounded.
Using Theorem [5.16, we conclude that there is no natural Manin triple that can be built
out of the pair (uy2(H), b,(H)), nor of the pair (by,(H), tes(#)) (see Theorem

below).

Examples 5.22. Consider the Hilbert space H = H, ¢ H_, with orthonormal basis
{|n),n € Z} ordered with respect to decreasing values of n, where H, = span{|n),n >
0} and H_ = span{|n),n < 0}. Furthermore decompose H. into the Hilbert sum of
HE™ = span{|2n + 2),n € N} and H3 := span{|2n + 1),n € N}. We will denote by
u @ HYM — HE™ the unitary operator defined by u|2n + 1) = [2n + 2).

Since the triangular truncation is not bounded on the Banach space of trace class
operators, there exists a sequence K,, € L*(H%) such that ||K,||; <1 and |7 (K,)|: >
n for all n € N. It follows that either |7 (K, + K3)/2|1 > n/2 or || T+ (K, — K})/2|1 >
n/2. Modulo the extraction of a subsequence, we can suppose that K, is either hermitian
K, = K or skew-hermitian K, = —K. Moreover, since the triangular truncation is
complex linear, the existence of a sequence of skew-hermitian operators such that || K,[|; <
land |7 (K,)|lx > n/2 implies that the sequence i K, is a sequence of hermitian operators
such that ||iK, |1 < 1 and || T4 (iK,)|l1 > n/2. Therefore without loss of generality we
can suppose that K,, are hermitian.

Consider the bounded operators x,, defined by 0 on H_, preserving H, and whose
expression with respect to the decomposition H; = H" @ Hidd reads

0 uls,
(5.12) Tply, = ( Kt 0 ) )
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By construction, =z, is skew-hermitian. The restriction of z}x, to H, decomposes as
follows with respect to Hy = HY" @ H‘jrdd,
ki, = uK K,u* 0
Tnlnlty = 0 KK, )’
therefore x,, belongs to uy o(H) since that singular values of x, are the singular values of
K, but with doubled multiplicities. Moreover ||z,|; < 2.
Now let y : H — H be the bounded linear operator defined by 0 on HY*", by 0 on H_,

and by y = u on H3%. Remark that y belongs to b (H). Since x,, and y vanish on H_,
one has

[0, y] = ( [Img”m 8 ) ’

where the operators [x,, ]|y, have the following expression with respect to the decom-
position Hy = HE™ ¢ HM,
ulGut 0
[xnay]|7-l+ = ( 0 _K:L )
It follows that ||T% ([, Y|, )|l = +oo.

Lemma 5.23. Let z,, € uy2(H) andy € b ((H) be as in example[2.22. Then ||y ||y, , < 2

res

but ||ad;zplly, , — +00. In other words, the coadjoint action of bl (H) on uyo(H) is
unbounded.

Proof. Consider the linear forms o, on b (H) given by o, (A) = STr 2, A for z,, € uy o(H)

defined by (5.12). Then the linear forms 3, = —ad,a, read
Bn(A) = —adZozn(A) = —ay(ad,A) = —a,(ly, 4]) = —STrafy, A] = —QTr (zyA — zAy).
According to Proposition 2.1 in [GOI10], one has Tr x Ay = Tryz A, therefore
ﬁn(A) = —QTr [Im y]A

The unique skew-symmetric operator 7;, such that —Q3Tr 7, A = —QTr [z, y] A for any A
in the subspace b (H) of b (H) is

T = py (20, y]) = T ([0, y]) = To—([20, 9])* + 5 (D([20, y]) — D([z0,9])*)
Since K, are hermitian, [z,,y]|y, are hermitian and we get

T = [z, y] = 2T ([2n, y]) + D([2n, y)).
In particular,
1T lluwre + zns Yl e + D20, yD e 2 1T = 20, y] = D([20, y]) . = 7,
for all n € N, and
[Tollure =1 =2 = [[D([20, y])lu -

The operator D consisting in taking the diagonal is bounded in L'(#) with operator norm
less than 1, (see Theorem 1.19 in [Sim79] or [GK70] page 134) therefore

HTnHul,Q >n—4.

It follows that || — adyau |lu, , = [|Tllu, — +00.
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Using the same kind of arguments, we have :
Lemma 5.24. The coadjoint action of uws(H) on bi,(H) is unbounded.
It follows from the previous discussion , that we have the following Theorems :

Theorem 5.25. The Banach Lie algebra uy 2(H) is not a Banach Lie-Poisson space with

respect to bE (H). Consequently there is no natural Manin triple structure on the triple

of Banach spaces (bE,(H) D uyo(H), bE (H),u12(H)).

Proof. The Banach space u;3(H) are not Banach Lie-Poisson spaces with respect to
b, (H) as a consequence of Lemma [5.24 By Theorem [5.16, there is no natural Manin

res

triple structure on the Banach spaces (u19(H) @ b (H), u12(H), bE (H)). O
Along the same lines, we have the analoguous Theorem :

Theorem 5.26. The Banach Lie algebras bf2(7-[) are not Banach Lie-Poisson spaces
with respect to w.es(H). Consequently there is no natural Manin triple structure on the

triple of Banach spaces (b1 5(H) ® tres(H), b7 5(H), tres(H)) -

6. EXAMPLE OF BANACH P0OISSON-LIE GROUPS RELATED TO THE RESTRICTED
GRASSMANNIAN

The goal of this section is not to make a systematic theory of Banach Poisson Lie
groups, but instead to define the examples of Poisson Lie groups that we will need in the
following Sections.

6.1. Definition of Banach Poisson-Lie groups. In order to be able to define the no-
tion of Banach Poisson-Lie groups, we need to recall the construction of a Poisson structure
on the product of two Poisson manifolds. The following Proposition is straightforward.

Proposition 6.1. Let (M;,Fq,m) and (My,Fy, ) be two Banach Poisson manifolds.
Then the product My x My carries a natural Banach Poisson manifold structure (M; x My, F, )
where

(1) My x My carries the product Banach manifold structure, in particular the tangent
bundle of My x M, is isomorphic to the direct sum TMy, & T My of the vector
bundles T My and T My and the cotangent bundle of My x My is isomorphic to
T My & T* Mo,

(2) F is the subbundle of T*M, & T*M, defined as

Fpq) = (F1)p @ (F2)q,

(3) 7 is defined on IF by

(o + ag, Bi + B2) = mi(ou, 1) + ma(ae, B2),
where aq, f1 € Fy and s, Ps € Fsy.

Definition 6.2. Let (M;,Fy,m) and (M,,Fy, m) be two Banach Poisson manifolds and
F : My — Ms a smooth map. One say that F' is a Poisson map at p € M if

(1) the tangent map T,F : T,M; — Tp,) M, satisfies T, F*(Fa)ppy C (F1)p, ie. for
any covector o € (IF2)p(p), the covector av o T, F belongs to (IFy), ;
(2) (m)p(ao T, F, foT,F) = (ma)p) (a, B) for any a, 5 € (Fa)p().
One says that F' is a Poisson map if it is a Poisson map at any p € M;.
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Definition 6.3. A Banach Poisson-Lie group G is a Banach Lie group equipped with
a Banach Poisson manifold structure such that the group multiplication m : G, x G —
G is a Poisson map, where G, x GG is endowed with the product Poisson structure.

Proposition 6.4. A Banach Lie group G equipped with a Banach Poisson structure
(G, F,7) is a Banach Poisson-Lie group if and only if

(1) F is invariant under left and right multiplications by elements in G,
(2) the Poisson tensor m € A*F*(F) satisfies

(6.1) Tgu = Ly'm, + R'mg, Vg,u € Gy,
where Ly* and R;* acts on w by

LZ*WU(a, B) = WU(LZOé, LZB)
and
Ry mu(a, B) = mu (R, Ry B).

Proof. Let
m . G+ X G+ — G+,
(9,u) = gu

Y

denote the multiplication in G .

(1) The tangent map T, ym : T,G ®T,G4 — Ty, G4 maps (Xg, X,,) to TyR,(X,) +
TuLy(Xy). The first condition in Proposition means that for any a € F,, the
covector o o T,,L, belongs to F, C TG and the covector a o TR, belongs to
F, C T,;G. This is equivalent to the first condition in definition

(2) The multiplication m is a Poisson map if and only if

TG xGy (Oé o T(g,u)ma 5 o T(g,u)m) = 71-gu(Ofa 5))

for any a and 8 in F,,. By definition of the Poisson structure on the product
manifold G x G, one has :

TGy xGy (O‘ o Tiguym, 5o T(g,U)m) =7y (aoTyLy,BoT,Ly) +my(aoTyR,, BoTyR,),

hence m a Poisson map if and only if (6.1]) is satisfied.
U

Let us denote by Ad = L, o Rg_1 the smooth adjoint action of a Lie group G, on its
Lie algebra g,, and by Ad" = L7 o R, the induced smooth coadjoint action of G4 on
the dual space g7 . For any subspace g_ C g7 invariant under the coadjoint action of G,

the restriction
Ad* : Gxg_. — g_

(9,8) = Ad*(9)b,

is continuous when g_ is endowed with the norm of g%, and one can define the coadjoint
representation Ad™ of G in A%g* (g_) by
Ad*™ : G — GL(A%g* (g ))
g > t(,) = Ad7(g)t :==t(Ad(g)™-, Ad(g)").
Theorem 6.5. Let G be a Banach Lie group and (G, F,m) a Banach Poisson structure
on G. Then G is a Banach Poisson-Lie group if and only if
(1) F is invariant under left and right multiplications by elements in G,
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(2) the subspace g_ := F., where e is the unit element of G, is invariant under the
coadjoint action of G4 on g3 and the map

T Gy — Ag*(g.)
g — R;’inrg,

is a 1-cocycle on Gy with respect to the coadjoint representation of G in A®g* (g_).
Proof. Since F is invariant under left and right multiplication, one has Ad*(g)F. C F., for

any g € G,. Using the relation R’(*;u),l =R oR", the condition m,,, = L, m, + R;'m,
for all g,u € G is equivalent to

Rz(;u)*lﬁgu — R;il (@] R:(Ltl o) L;*ﬂ‘u + R;il (@] R’Ztl (@] R:*ﬂ_g
Since R;*, and Lj* commutes, the previous equality simplifies to give
T (gu) = Ry% o Ly mo(u) + . (g9) = Ad(g)" 7, (u) + m,(g),
which is the cocycle condition (see Section [L.H]). O

Remark 6.6. Let (G,,F,7) be a Banach Poisson-Lie group and set g_ := F.. Denote
by
T G — Ag*(go)
g = RZIimg,

the corresponding 1-cocycle on GG, with respect to the coadjoint representation of G, in
A%g* (g_). The differential of 7, at the unit element e of G is a 1-cocycle dr,.(e) : g, —
A?g* (g_) with respect to the adjoint representation of g, on A?g* (g_). In the finite
dimensional setting, the dual map of dm,(e) defines a Lie bracket on g_. It is important
to note that in the infinite-dimensional setting, the existence of a Lie bracket on g_ is not
guarantied by the existence of a Poisson Lie group structure on G..

6.2. The dual Hilbert Poisson-Lie groups U,(#) and Bj (). The proof of the fol-
lowing Theorem is left to the reader, but may be deduced from the proofs of Theorem
and Theorem [G.111

Theorem 6.7. Consider the Hilbert Lie group Us(H) with Banach Lie algebras us(H)
and identify uy(H)* with b (H) via the application b — (z + ITr (bz)). Consider
(1) ©F  Uy(H) — A2b5 (H)* (b5 (H)) defined by

7E(u) (b, by) = STrp,z (u™tbyu) [pb;t (u_lbgu)} :

(2) k= Ryrn¥(g).
Then (Uy(H), T* Uy(H), n%) is a Hilbert Poisson-Lie group.
Similarly, consider the Hilbert Lie group By (H) with Banach Lie algebra bi(H), and
identify by (H)* with uy(H). Consider
(1) 7F By (H) — Aug(H)* (ua(H)) defined by

7 (0) (01, 22) = STepys (b 1) [ (67 20) |

(2) 7F == Ry 7E(D).

T

Then (By (H), T* By (M), 7%) is a Hilbert Poisson-Lie group.
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Proposition 6.8. The derivatives of = and 7 at the unit element define bialgebra struc-
tures on uy(H) and b3 (H) respectively, which combine into the Manin triple (L*(H), us(H), b3 (H))

given in Proposition[3.4)

Proof. The derivative of 7w at the unit element of Uy(H) reads :

am(€) () (b1, b2) = STr (g (12 b1)pgs (1)) + STr (s (b (2, 2]))
= ST (ps (. bi])be ) = STr [, bilbs = STralby, bl

where we have use that b () is an isotropic subspace. Similarly,

d7E(e)(b)(z1, 29) = STrb[zy, T2]uy,
which is the dual map of the bracket [-, -]y, . O
6.3. The Banach Poisson-Lie groups BE_ (%) and U, (#). In this Section we will

res

construct a Banach Poisson-Lie group structure on the Banach Lie group B (H). A
similar construction can be of course carry out for the Banach Lie group B, () instead.
Recall that the coajoint action of B (H) is unbounded on uy 5(H) (see Section (.6 in
particular Lemma [5.24]). Therefore, in order to construct a Poisson-Lie group structure
on BI_ (H), we need a larger subspace of the dual b} (H)* which will play the role of

res res

g_ := F. (compare with Theorem [6.5]). Consider the following application :
F @ Lis(H) — bi(H)*

res

a — (b STrab).

Proposition 6.9. The kernel of F' equals b7 5(H), therefore Ly 5(H)/bi,(H) injects into
the dual space b (H)*. Moreover Ly 2(H)/b14(H) is preserved by the coadjoint action of

res

B .(H) and strictly contains uy o(H) as a dense subspace.

Proof. In order to show that the kernel of F'is bIQ(H), consider, for n > m, the operator
E,m € b (H) given by x — (x,m)|n) and the operator iE,,, € bl (H). As in the proof
of Proposition 5.19] an element a satisfying F'(a)(E,m) = 0 and F(a)(iEpy,) = 0 is such
that (m,an) = 0 for n > m and (n,an) € R for n € Z, i.e. belongs to by ,(H). Let us
show that the range of F' is preserved by the coadjoint action of B (H). Let g € B (H)

and a € Ly o(H). For any b € b (), one has :

Ad*(g)F(a)(b) = F(a)(Ad(g)(D)) = F(a)(gbg™") = STragbg™" = ITr g~ agb = F(g~'ag)(b),
where, in the forth equality, we have used Proposition 2.1 in [GOI0] (since the product
agb belongs to Ly o(H) and b to Lyes(H)). In fact, B (H) acts continuously on the right
on L172(%) by
a-g= g_lag.

Then one has the equivariance property

Fa-g) = Ad*(9)F(a).
Moreover the subalgebra by ,(#) is preserved by the right action of B (#) on Ly (H).

res

It follows that there is a well-defined right action of Bf (#) on the quotient space
Ly12(H) /67 5(H) defined by

la] - g =la g},
where [a] denotes the class of a € Ly 3(H) modulo b7 ,(H).
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Let us show that wy 5(H) @ by, (H) is dense in Ly 5(H). To do this, we will show that
any continuous linear form on Ly o(#) which vanishes on uy(#) @ b{,(H) is equal to
the zero form. Recall that the dual space of Ly o(H) is Lyes(#H), the duality pairing being
given by the trace. Consider X € L,5(#H) such that Tr Xa = 0 and Tr Xb = 0 for any
a € u1p(H) and any b € bf,(H). Letting b = E,,, with n > m, we get (m,Xn) =0
for n > m. Letting a = E,y — Eny € t9(H), we get (m, Xn) — (n,Xm) = 0 for
n > m. It follows that (m, Xn) = 0 for any m,n € Z, which implies that the bounded
linear operator X vanishes. It follows from Section [5.6], that u;o(H) @ by ,(#) is strictly
contained in L o(H).

Let us show that uy 5(H) is dense in Ly 5(H) /b7 ,(#). Consider a class [a] € Ly 2(H)/b],(H),
where a is any element in Ly (). Since uyo(H) @ by ,(#H) is dense in Ly 5(H), there is
a sequence u; € uyo(H) and a sequence b; € bIQ(H) such that u; + b; converge to a in
Ly(H). It follows that [u; + b;] = [u;] converge to [a] in Ly o(H)/b],(H). O

In order to verify the Jacobi identity (5.]) for a Poisson tensor on a Banach Lie group,
we will need the following lemma :

Lemma 6.10. Let B be a Banach Lie group with Lie algebra b, B a subbundle of T*B in
duality with T' B, invariant by left and right translations of B, and m a smooth section of
A’B*(B).
(1) any closed local section o of B in a neighborhood V, of b € B is of the form
a = Rjog, where ag : V) — B, C b* satisfies :
(6.2) (a0 (b), [Xo, Yo]) = (Than(RyY0), Xo) — (Thao(RpXo), Vo),
with Ty Ty B — b* the tangent map of ag at b € Vy, and Xy, Yy any elements
in b.
(2) Let m, : B — A’B:(B.) be defined by m.(b) = Ry*,w. Then for any closed local
sections «, 5 of B around b € B, the differential d (7(c, 5)) at b reads
d (e, 8)) (Xp) = Tomp (X)) (o (b), Bo(b)) + 0 (b) (Toao(Xs), Bo (b)) + 7 (b) (o (b), Tb.50(Xs)),

where X, € TyB, Tym, : Ty B — A’BI(B.) is the tangent map, o = Rjoy and

B = RyPo.
(3) Suppose that in,m-(b) € b C B* for any o € B. Then for any closed local sections
o, B, v of B,
m(a,d(7(8,7))) + 7 (8, d(w(v, ) + 7 (v,d (7(c, B))) =
(6.3) Ty (Ryiagmr(0))(Bo(0), 70(b)) + (@0 (D), [ine 0y 7 (b), Ego vy T (D)])
' 1y (Ryigym (b)) (70(b), (b)) + (Bo(b), [iao®) ™ (b), Gro )™ (0)])
1y (Ryingmr (b)) (0 (b), o () + (70(b); [ige(e)Tr (), iag ) (b)])

where o = Rjag, B = R;Py, an
equation ([63) defines a tensor.
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Proof. (1) Since « is closed, one has :
dop(X,Y) = Lxa(Y) — Lya(X) —a([X,Y]) =0

for any local vector fields X and Y around b € V,. But since da is a tensor (see
Proposition 3.2, chapter V in [La01]), the previous identity depends only on the
values of X and Y at b. In other words, « is closed if and only if the previous
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identity is satisfied for any right invariant vector fields X and Y. Set X, = Ry X,
and Y, = R,Y) for X, Yy € b. One has
dOé(X, Y) = Exozo(b) (lely},) — £yOé0(b) (Rb 1Xb) — Oéo( )(Rb—l [X, Y]b)
= Lxao(b)(Yo) — Ly (b)(Xo) 4 o (b)([Xo, Yo]e)
Denote by f :V, — R the function defined by f(b) = an(b)(Ys) = (a(b), Yo),
where the bracket denotes the natural pairing between b* and b. Then

dfy(Xp) = (Tyao(RpXo), Yo)-
It follows that
da(X,Y) = (Tyao(RpXo), Yo) — (Than(FpY0), Xo) + (co(b), [Xo, Yols)-
Therefore da(X,Y) = 0 for any X and Y if and only if
(a0 (b), [Xo, Yo]) = (Thao(RyY0), Xo) — (Thao(RpXo), Vo),
for any X, and Y} in b.
(2) This is a straighforward application of the chain rule.

(3) In the case where i,,7.(b) belongs to b, one has the following expression of the
differential of 7 :

d(m(B,7)) (Xp) = Tom(Xo) (Po(b),70(b)) = (T650(Xp), G0 ()™ (0)) + {T670(X5), g0 ey (),
where (-, -) denotes the duality pairing between b* and b. Therefore

m(a, d(n(B,7) = m(b) (ao(b), Byd (7(B,7))) = d(7(8,7)) (Relag) (b))
= Tymr(Ryiag@ (b)) (Bo(b),70(b))
(Tbﬁo(Rbiao (D)), G0y (D))
<Tb70(szao 7TT’( )); Ugo(b)T r( ))-

It follows that

(e, d(x(B,7))) + 7 (6, d (x(y

= Ty, (Ruiog 12 () (Bo(8). 70(b

)+ 7 (v, d(m(a, B)))

) +Tb7Tr(RbZﬁo7Tr( )) (70(), o (b)) + Ty, (Rping (b)) (0 (D), Bo(D))
—(TyBo(Rpiagm)mr (D)), Z«/o(b 7(0)) + (Toy0(Rpliag(v) Wr(b))vlﬁ( Ty
—(Tyyo( Ryigy v r((b)) » oo (b) Wr(Z» (Tooro (Ryipy ) ()

—(Th0 (Rping )T (b)), o (o) T (D)) + (TBo(Ring v 7Tr( ))alao(b U
Using (6.2), the previous equation simplifies to
™ (a, d(7(5,7))) + 7 (8, d(x(y,a))) + 7 (v, d (7(e, §)))

= Ty, (Ryiogme (1)) (B0(b). 0(b)) + Ty (Ryisyme (b)) (20(8), 0(5)) + Ty, (Ryiogm:(8)) (c0(8). o))
Hao(b), [iromymr (b), Loy ™ ( M)+ (Bo(b); liao @y 7 (b), o 0y T (D)) + (Y0(b); [0 (5) 77 (D), gty (B)]) -

Now we are able to state the following Theorem.

Theorem 6.11. Consider the Banach Lie group B

(1) g— :=Lia(H)/b] 5 (H) C b (H)*,
(2) B CT*BL(H), By =R g,

res

(3) ™ :BL(H) — A%’g* (g_) defined by
w0, [ral) = ST (57 piy(e)) [y (57 pu () ).
(4) m(b) = Ry*m(b).

H), and

res (
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Then (B(H),B, ™) is a Banach Poisson-Lie group.

res

Proof. e Let us show that m, satisfies the cocycle condition.

() (Ad*(9) 1]y, A (9)lwalyy, ) = () (197 21 gl 197 229l
= QTr (u'py (97 21 9) u) [pb; (u™'pys (g7 2 g)U)}

1

Using the decomposition p,s (9721 g) = gtz g — Doy (97171 g), the fact that by is

preserved by conjugation by elements in B (), and the fact that b3 is isotropic,
one has :

7o) (Ad*(9)[r)eg, A" (9)wlyr, ) = STr (u™lg ™21 g) [y (u'pyg (97 02 9)u)|

Tr(u™'g w1 gu) [per (u g™ wo gu)| — STr (u™'g a1 gu) [pb;(U‘lpb;(g‘lxz g)U)]

1 1

&
QTr (u=tg ey gu) P (u g twy gu)| — QTrg™

21 9Pyt (97 22 9)
Using the decompositions 1 = p+ (21) + py (1) and x2 = p,t (22) + pyy (22), one
gets 8 terms but 4 of them vanish since b is isotropic. The remaining terms are:
7o) (A (@)l A (), ) = ST (w79 s (1) g ) [y (a7
+STr (u™g ™ pys (21) g ) |y (u™ 97 Py (22) gu)
—STrg 'y (21) 9Pet (97 Dot (w2)9)
—STr g7 'ps (21) 9 Pot (97 Doz (22) 9)
The first term in the right hand side equals WT(QU)([[El]b+ 2] bt ), the third term

197y (w2) gu)

equals —, (g)([xl]b+ , [xg]b+ ), whereas the second terms equals +\sTr (Pt (@1)pyt (2)),
and the last terms equals —\sTr (pu (:)sl)pb+(x2))

e It remains to check that = satlsﬁes the Jacobl identity (B.I). Using the cocycle
identity, one has for any X in bt (#H) and g € B,

Ty (Lg X )([21], [22]) = Tem (X)(Ad™(g)[21], Ad”(g)[22]),
in particular,

Tgﬂr(RgX)([l'l]>[x2]) = gﬂ-r(Lg ( 1)( ))([ ]?[ ])
= T, (Ad(g™ )(X))(Ad*(g)[ 1], Ad”(g)[22])
= Ad(g™) (X)) (g 21 9], [g7 22 9])

On the other hand
T (V) ([ 2]) = —STr Vi g (@0) s (g (32)) — ST g (00)yg (1Y g (02)])
= —STrpu; (%)[Y,pu;(%)] = STI"Y[pu;(xl)mu;(xz)l
It follows that
(6.4) Tymr(RyX)([11], [22]) = STrg ™! X glps (97 1 9), 03 (97 22 9)).
In particular, for any z; and x5 in Lj o(H), the 1-form on b
X = Tyme (Lo X)([24], [2])
belongs to u; 5(#H) and is given by

Tymo(Lg () (1], [22]) = [Py (97" 21 9), Dy (97" 22 9)]

given by
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Moreover

™ (9) ([23],
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[) = STr (97" pur (23) 9)pes (97 1t () 9)
STrps (97 g (23) 9)Pyt (9™ Pus (1) g)
—STrpys (97" st (23) 9)D (g Pt () 9)
—STrgpey (97 Put (23) 9) 97" Py (")

—STrgpys (97 Pt (3) 9) 971()

In particular i, m.(9) = —gpy: (9~ Pt (23) g) =" belongs to by (H) C b (H).
Using (6.4), it follows that

(6.5)

Tymr (Ryifugmr(9))([21], [22]) = =STr pys (97" pt (23) 9oy (97 21 9), py (97" 22 9)]

= —QTr p: (97" Pz (23) 9t (97" Pz (1) 9),

puj (g_lpu;r (fl]g

) 9)l,

where we have used that g_lpb; (z;)g € by for any z; € Li2(H) and any g €

BI—“;S
(6.6)
<£L’1, [i[rs]ﬁr (9)7 i[m]ﬂ-r (g)]>

(H). Moreover

Consider o« = R;,
(T, Bo)™

res

o] €

for z1, 3 and z3 in Ly 2(H).

= QTra[g Pyt (g7* Py (z3)9) g7, 9 Pe} (97" Dy (z

= STrpyt (21)[gpe; (97 Put (3) 9) 9~
= QTr g™ ' (21)90pez (97 pur (23
= QTr Put (g_lpu; (71)g) [pb2+ (97" Py (3

2)9) 9]
5 9o (97 g (2
) 9), Pyt (97" Py (22
)9): Peg (9™

2)9) 9]

) 9)]
! Dy} (2) 9)]

= —QTrps (97 '0ur (21)9) [Per (97" Dt (22) 9), Dot (97" P (23) 9)]

(TyBiew)®, B = Ryi[z2] €

(T,B/ )" and v = R*_

g 1[$3] €

Injecting (G.5]) and (€0 into (E3) and

using the fact that the left hand side of (6.3]) defines a tensor, one gets :

m(a,d(7(8,7)) + 7
QT pyg (97 P (25) 9) s (97 pug (1
—%Trpu; (9~
—G3Tr Doy (9~
—%Trpu; (9~
—3Tr Doy (9~
—%Trpu; (9~

—QTr g7 'p,
—QTrg'p,

0.

ST Doy (9~
—%Trpb; (9~
ST Put (9~
—%Trpb; (9~
—Tr Put (9~
—STrpys (9~

+(23)9) g7 Py (21) 9, 97 Pz (2
s (@3)[pyg (1), p
—STrpug (@3)[pyg (21), p

(B,d (7(v,@))) + 7 (7,d (n(a, B)))

) 9), Pyt (97" Dy (2) 9)]
)9 Pe: (97" Dz (22) 9), oz (97 Pt (w3) 9)]
't (1) 9P (97 P (22) 9). Pt (971 Pt (23) 9)]
P (22)9) o (97 Pt (3) 9), Py (97" Py (1) 9)]
Pt (22) 9Py (97 Pt (23) 9). Pt (971 Pt (1) 9)]
P (23)9) o (97 Pt (1) 9), Pyt (971 Py (22) 9)]

) 9), Pt (97" Py (22) 9)]
)9) oz (97 Pyt (22) 9)]
Pt (@3) 9)[Pot (97 Pt (1) 9), 2 (97 Pt (22) 9)]
"D (@3) 9)[Pot (97 Pt (1) 9), Dt (97 't (22)9)]
't (@3) 9) [Pt (97 Py (21) 9), D (97 Pt (22) 9)]
P (23)9)[Pos (97" Pt (1) 9), Pyt (97" Py (2) 9)]

) 9]

1pu;r ('Tl

Ut (23) )b (97 b (a1
s (25) )Py (97 Py (1

ut (22)]g
(552)]
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Remark 6.12. In the proof of previous Theorem, we have established that
Temr(Y)([21]og,» [wa]er,) = STrYpyg (1), pyg (22)],

where 1, 9 € L1 o(H) and Y € bl (H). It follows that T.m, is the dual map of

Li2(H)/615(H) x Lio(H)/615,(H) — Lia(H)/b1,(H)

([Il]b;Qa [562]5;2) = [ (1), 2y (22)];

(6.7)

which is well defined on Ly(H)/bf,(H) since [Pt (1), Pyt (22)] € Li(H) for any i,
xg € Liao(H). Note that this bracket is continuous and extends the natural bracket of
111,2(7'[).

Along the same lines, one have the following Theorem :

Theorem 6.13. Consider the Banach Lie group U,es(H), and
(1) g+ = L1,2(H)/u1,2(H> C ures(H)f
(2) UC T Uses(H), Uy = R;,ngr,
(3) Fr : Useo(H) — A2g%(g) defined by

e (9) ([21)u1,200)s [22)1 200)) = ST (97" Pt (1) 9) [puz (97" Py (22) 9) |,

(4) 7(g) = Ry 7 (g).
Then (U.es(H), U, ) is a Banach Poisson-Lie group.

7. BRUHAT-POISSON STRUCTURE OF THE RESTRICTED (GRASSMANNIAN

7.1. Banach Poisson subgroups. The following definition is identical as in the finite-
dimensional case.

Definition 7.1. A Lie subgroup H of a Banach Poisson-Lie group G is called a Poisson-
Lie subgroup if it is a Banach Poisson submanifold of G, i.e. if it carries a Poisson
structure such that the inclusion map ¢+ : H — G is a Poisson map.

Proposition 7.2. The Banach Lie group H := U(H,) x U(H_) is a Poisson-Lie subgroup
Of Uros(?'o'

Proof. Tt is clear that H is a Banach submanifold of U,.(#). Denote by b its Lie al-
gebra. Recall that U is the subbundle of 7" U,es(H) given by U, = R} g where
gy = L1o(H)/ui2(H). Denote by (-,-),.. the duality pairing between g, and u.(H),
and by h° the closed subspace of g, consisting of those covectors in g, which vanish on
the closed subspace b of u,5(H). Then the formula

<[a]h07X>h = <a7X>

where [a]yo denotes the class of a € i*gy in i*g,/h° and where X belong to b, defines
a duality pairing between H, := i*g, /h° and bh. It follows that H := i*U/(TH)" is a
subbundle of T*H in duality with TTH. Recall that the Poisson tensor on U, (H) is
defined as follows

Fr(h) (e, B) = STr (A pyg (20)R) [pyg (0" pyg (22))|

Ures )
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where o, f in gy = Li1o(H)/u2 and x1, 22 € L15(H) are such that o = [21],,, and
f = [z2]u,,. Note that an element 2o = (4 5) € Li2(H) belongs to h° if and only if
A€ u(H) and D € u;(H). In that case, one has

2= (&5 ) +(07%57),

with ps(22) = (4 75") and pys(z2) = (§ P477). Note also that for any h = () e
U(H) x U(H_), one has

B pyg (ma)h = (91 BrC ) € bf (M),

It follows that 7,.(h)(-, 3) = 0 whenever 8 € h°. By skew-symmetry of 7,, one also has
7ir-(h)(c, ) = 0 whenever a € h°. This allows to define the following map
I, : H — A*H(H,)
by
IL.(h)([a]go, [Blyo) := 7r(h) (e, B)
for a, Bin g, = L1o(H)/ui2. Set II := Ri1II,.. The Jacobi identity for II follows from

the Jacobi identity for 7. By construction, the injection ¢ : H < U,(H) is a Poisson
map. [l

7.2. The restricted Grassmannian as a quotient Poisson homogeneous space.

Theorem 7.3. The restricted Grassmannian Gryes(H) = Uses(H)/ U(H)xU(H_) carries
a natural Poisson structure (Gryes(H), T Gries(H), Tar,..) Such that :

(1) the canonical projection p : Uyes(H) — Grpes(H) is a Poisson map,
(2) the natural action Uyes(H) X Grres(H) — Gries(H) by left translations is a Poisson
map.

Proof. (1) The tangent space at eH € Grpes(H) = Ues(H)/ U(Hy) x U(H-) can
be identified with the quotient Banach space uyes(H)/ (W(Hy) ® u(H_)) which is
isomorphic to the Hilbert space

mi={(_ % 4) € w(H)}.

The duality pairing between u,e(H) and g = L1 2(H)/ui2(H) induces a strong
duality pairing between the quotient space ues(H)/ (U(H4) ®u(H-)) = m and
h? c g,. For a,f € Thy Gries(H), identify p*a € T Uyes(H) with an element
LY yayin LY 1 b and p*f with LY a9 € L} 1h°. Define

T Gryes (gH) (Oé, ﬁ) = ﬁg(p*aap*ﬁ)

We have to check that the right hand side is invariant by the natural right action
of H on U,(H), which induces an action of H on forms in T U,(H) by v —
Ry 1y € T}, Ures(H). In other words, we have to check that

(7-1) 7~Tg((p*05)ga (p*ﬁ)g) = 7~Tgh(R;kfl(p*O‘)ga R;krl(p*ﬁ)g)
ﬁgh(szl L;71I‘1, R271L;71I2)

=4 ﬁ'g(szll'l, LZ—IQEQ) =
<~ ﬁr(g) (Adthl’l, Ad;71l’2) == ﬁr(gh) (R;hR;,IL;,ll’l, R;thflefll.Q)
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Note that Ry, v(X) = y(R;X) = v(Xgh) = Ryv(Xg) = R;R;v(X). Therefore
Ry, = RyR;. It follows that (1)) is equivalent to

T (g)(Ady-121, AdY-129) = T (gh) (Ady-121, Ady-122)
By the cocycle identity 7,.(gh) = Ad(g)**7.(h) + 7.(g), one has
T (gh)(Ady -1y, Ady—122) = 7 (h) (AdG A 1y, AdpAdY —1wp) + 7 (9) (Ady 121, Ad -1 29)
Since 7,.(h) vanishes on h°, one has
T (h)(Ady 121, Adjawz) = 0,

therefore equation (1)) is satisfied. The Jacobi identity of 7g,, . follows from the
Jacobi identity of 7. Moreover p is a Poisson map by construction.
(2) Consider the action

ay : Upes(H) X Grres(H) —  Gryes(H)
(91,9H) — qigH

by left translations. Note that the tangent map to ay is given by

T(g1 gHau - Tgl Ures(H) ) TgH GrreS(H) — TglgH GrreS(H)
(Xg1s Xgm) = Pal(Ry)« Xy | + (Lg, ) Xgm-

Therefore, for any o € Ty 1 Grres(H),

o Ty, gmav(Xy, Xgu) = a(p:[(Ry)«Xy]) + a((Lyg, )« Xgm)
= R;p”* a(Xy,) + L a Xonm)-
In other words

ao Ty gmav = Ryp*a+ L,

where Rip*a € Ty, Uyes(H) and L} o € Tyy Grres(’;'-[). In order to show that ay is
a P01sson map, we have to show that
(a) for any a € T, 1 Grres(H), the covector Rip*a belongs to

Uy, = Zkgl)*lLlQ(H)/ul,z(H),
(b) the Poisson tensors 7 and mg,,.. are related by

(TrGTrcs)glgH (O{,/B) = ﬁ-g1 (Rgp «, R p ﬁ) (TrGTrcs>gH (L;1a7 L21ﬁ>

For point (a), let us show that for a € Ty |1y Gryes(H), and g1, g € Uyes(H), one has
Ry Rip*a € Lyo(H)/u2(H). Recall that p*a can by identified with an element
L(glg) 11 where 1 € h°. Therefore R} Rip*o = Ad{y,g-121. For X € T, Upes(H),
one has

R;R;p*a(X) = QTrz1Ad (g, -1 (X) = ST :cl(glg)_nglg = QTr glg:cl(glg)_lX.

Since g1971(g19)™" € L1o(H) for any g1, 9 € Uses(H) and z1 € Ly o(H), it follows
that R;R;p*oz S L1,2(7-[)/u172(?-[).
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In order to prove (b), note that for o, 5 € T/, Gryes(H), one has

g1gH

(M) gugrr (@ B) = Tgrg(0* 0, p*B) = 7r(g19) (Ry, (0", Ry (0" B)

Ad(g1)" 70 (9) (R, p* v, By, p*B) + T (91) (15, p" v, By (1" 3)
= 7.(9)(Ly, Ryp*a, L R*p*ﬁ) + 7 (91) (Ry, Ryp*a, Ry Rip* )
=7 (g )(R*L*lp a, R b )+7T(91)( p*a R *5)
Zﬁg(L;p*a,L p 5) + 7 (g1) (R *p*ﬁ)
7~Tg(p*L;oz,p*L* B) + 7(g1)(R p*a R*p*ﬁ)

= (TGrees) gu (Ly, v, Ly, B) + (91)(R*p*a R p*p)
= (TGrres) g1 (L;a,L* B) + 7 (g1)(Ryp*a, Ryp*B),

where we have used the cocycle identity.

O

8. DRESSING ACTIONS OF B (H) ON Gr,s(H), KDV HIERARCHY AND SCHUBERT
CELLS

8.1. Relation between the restricted Grassmannian and the KdV hierarchy.
Let us recall the construction of G. Segal and G. Wilson detailled in [SW85] which gives
a correspondance between some elements of the restricted Grassmannian Gr(H) and
solutions of the KdV hierarchy.

We will need to introduce some additional notation. In this section, H = L2(S1 C) and
the inner product of two elements f and g in L*(S',C) reads (f,g) = [o f( du(z),
where du(z) denotes the Lebesgue mesure on the circle. Set H, = span{z",n 2 O} and
H_ = span{z",n < 0}. Let 'y be the group of real-analytic functions g : S* — C*,
which extend to holomorphic functions g from the unit disc D = {z € C : |z] < 1} to
C*, satisfying ¢(0) = 1. Any such function g € I'" can be written g = e/, where f is a
holomorphic function on D such that f(0) = 0.

Proposition 8.1. The group I'y acts by multiplication operators on H and T C B (H).

Proof. By Proposition 2.3 in [SW85], I'" C GLyes(H) := GL(H) N Lyes(H). Since g € T'F
is holomorphic in D and satisfies g(0) = 1, the Fourier decomposition of g reads ¢g(z) =
14 >",209k2". Therefore g(z) 2" = 2"+ Yoo ge2" ™. It follows that the multiplication

operator by g is a upper triangular operator M, € B (), with diagonal elements equal
to 1. 0

Following [SW85], we will denote by Gr™ the subset of the restricted Grassmannian
Gryes(H) given by
Cr™ = {w € Cres(H) : 2"W Cc W}
Moreover, given a subspace W € Gryes(H), we set
Iy ={gely :g7'WnH_={0}}.
Let us know recall the following Proposition :
Proposition 8.2 (Proposition 5.1 in [SW85]). For each W € Grys(H), there is a unique

function @y (g, z) called the Baker function of W, defined for g € T}, and z € S, such
that

(i) ®w(g,-) € W for each fized g € T



BRUHAT-POISSON STRUCTURE OF THE RESTRICTED GRASSMANNIAN 45
(ii) Pw has the form
o0
D = g(2)(1+ > ai(g)z™).
1

The coefficients a; are analytic functions on I'y, and extend to meromorphic func-
tions on the whole of T'T.

Since any g € '} can be written uniquely as g(z) = exp(xz + t22% + t32% +...), the
Baker function of W € Gres(H) as the following expression :

Oy = exp(az + 122" + 32" + ) (14D ai(g)z™).
1

Now the following Proposition assigns to W € Gr,es(#H) a hierarchy of differential opera-
tors P, :

Proposition 8.3 (Proposition 5.5 in [SW8F]). Set D = 2. For each integer r > 2, there
18 a unique differential operator P, of the form
PT’ =D" +p7’2DT_2 + o +pr,r—1D + Drr
such that
0Py,
ot,

Denote by C™ the space of all operators P, associated to subspaces W in Gr™ and
evaluated at t9 = ¢t3 =--- =0. Then

Proposition 8.4 (Proposition 5.13 in [SW85]). The action of Ty on Gr™ induces an
action on the space C™. Forr > 1, the flow W — exp(t,2")W on Gr™ induces the r-th
KdV flow on C™.

8.2. Dressing action of B (H) on G’ (#). Recall that for r > 1, the multiplication

operator by exp(t,z") belongs to I'y C B (H). The next Theorem shows that the action

res

of BE (H) on Gr,(H) is a Poisson map, where BE (H) is endowed with the Banach
Poisson-Lie group structure defined in section [0, and where Grs(#H) is endow with the

Bruhat-Poisson structure defined in section [
Theorem 8.5. The following right action of BE(H) on Grre(H) = Glies(H)/ Pres(H)

res
by dressing transformations is a Poisson map :

ap : Grues(H) X BE(H) — Gres(H)
(g Pres, ) = (071g) Pres(H).
Proof. The tangent map to the action ap reads
T(gHvb) ag - TgH Grros (H) @ Tb B;tOS(H> — Tbilgprcs Grros (H)
(Xy11, X0) = (L) Xy — po(Ry)o (b7 Xob 1),
Therefore, for any o € Tlf,lg P, Grres(H),
« O T(gH7b)aB(XgH, Xb) = Oé((L(bfl))*XgH) — a(p*(Rg)*b_leb_l)
= Ly a(Xyp) — Ry Ly Ryp*a(Xy),

= P oy.

and
[e7Ke] T(gH,b)aB = szla — R271L271 R;p*oz,
where L7 o € Ty Gries(H) and Ry, Li Rip*a € Ty B (H).

res
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(a) Let us show that for any a € Tj" p Grwes(H) and any b € B (H), the form
Ry Ly 1 R;p*a belongs to By, = R; 1 L15(H)/b12(H). Recall that a can be iden-
tified with an element L1111 where z; € h°. For X € T, B (H), one has

Lz,lR;p*Oé(X) = Oé(p*Rg* (Lbfl)*X) = QTr Al (Lgflb)*p*Rg* (Lbfl)*X)
= QTrzp.(Ad(g7 ) X) = STr pyy (r1)g7'Xg
= QTr 9Ps} (r1)g7 1 X.

Recall that for z; = (4 8) 6 b°, pys (1) = (§ %7 ). Since for any g € GLyes(H)
and any z; € b°, gpb;(xl) € L172(%) the form R; , L;  Ryp*a belongs to B;.
(b) Let us show that the Poisson tensors = and 7g,... are related by
(TG )o1gps (0 B) = (Taires) g (D100, Lya B) + mo( Ryr Lya Rgp® v, Rya Ly Ryp™ 5).
One has
m (R Ly Rgp*a, Ry Ly Ryp* §)

(b)([gpb+(f€1)g Hor,» [9pes (22)97 ]s,)
(b pu+(gpb+(x1)g‘1)b> [W(b‘lpu+(gpb+(xz)g‘1)b)]
Pt (9P (1) g™ )b | por (07" Pyt (9P (02)g1)D) | 071
(b Lapes (21)9710) |y (b7 Pyt (9Py (22)g71)D)
T (57 gpyg (01)g7 1) [Py (0794 (22)97'0)|
—QTr (b gpes (21)g7 ') [pb;(b pb;(gpb;(zz)g‘l)b)}

I
@ G? Q? Q? 3

Therefore
(8.1)
Wb(RZ,lL;;,lRZp*Of, R;’;,lL 1R*p*/8)

STr (094 (20)9718) g (5945 (22)9718)] — ST (g4 (20)97™) [ (9 (020970
On the other hand
(TGries) grr (L0t Ly1 B) = () ([9pes (21)9 71, [gps (22)971])
= ST (97 Pz (9P (01097 )9) [Pug (97 24 (9945 (21)97)9)|
= 9Ty () [ (07" omeg (1)) >}

- STrpb;(:L'l)(g* Pt 9Pyt (T1)g~ Dy
= §Tr 9Py (!El)gflpb; (gpbj (21)g7")

which is the second term in the right hand side of equation (81]) with the opposite
sign. Moreover, since

Grres(H) = GLies(H)/ Pres(H) = Uses(H)/ (U(H4) x U(H-))

there exist g1 € Upes(H) and p; € Poes(H) such that b=1g = g;p;. In fact, the couple
(g1, p1) is defined modulo the right action by H given by (g1, p1)-h = (g1h, h~"'p1).
It follows that the first term in the right hand side of equation (81 reads

STr (5 gy (21)97'8) [ pyg (0 gpy (2)g710)]
= QT (gip1pyz (21)p1 91 ) [pb; (glplpb;(@)Pflgfl)}
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Recall that for any 21 = (4 8) € h°, one has

n=(&75 )+ (7)),
with p,+ (1) = (475") and Poy (1) = (354" ). Note that for any p; = (12 12) €

P.es(H), one has

_ e I
p11: ( B 1P7§ 3 ) EPres(H)a
3

and
— * —1
pipeg (e0pr! = (§1EHCIRT) € b (H).

Therefore

STr (b7 gpys (21)g7'b) [pb;(b‘lgpb;(xz)g‘lb)]

Tr (gip1pys (21)p1 ' g1) [pb; (glplpb;(@)Pflgfl)}
+(90) (919103 (21)P1 01, (9191041 (22)P7 017'])

T (90) ([0~ gpes (21)g~10], (b~ gpyr (22)g"0])

= (ﬂ-Grres)ng (o, B) = (WGrres)bflgPres (a, B).

l
&2

I
=R

U

8.3. Schubert cells of the restricted Grassmannian. Let us recall some geometric
facts about the restricted Grassmannian that were established in [PS88], Chapter 7. The
restricted Grassmannian admits a stratification {¥g, S € S} as well as a decomposition
into Schubert cells {Cg, S € S}, which are dual to each other in the following sense :

(i) the same set S indexes the cells {Cs} and the strata {3g};
(ii) the dimension of Cg is the codimension of Xg;
(ili) Cs meets ¥ transversally in a single point, and meets no other stratum of the
same codimension.

A element S of the set § is a subset of Z, which is bounded from below and contains
all sufficiently large integers. Given S € S, define the subspace Hg of the restricted
Grassmannian Gr.e(H) by :

Hs = span{z%,s € S}.

Recall the following Proposition :

Proposition 8.6 (Proposition 7.1.6 in [PS88]). For any W € Grws(H) there is a set
S € § such that the orthogonal projection W — Hg is an isomorphism. In other words
the sets {Us, S € S}, where

Us = {W € Gryes(H), the orthogonal projection W — Hg is an isomorphism},
form an open covering of Gryes(H).

Following [PS88], let us introduce the Banach Lie groups N/ (#) and N__ (#) :

res res

NL(H) = {A € GLis(H), A(ZFH,) = 2FH, and (A —1d)(2"H,) € 2" H,, Yk € Z},

res

Nio(H) = {A € GLyos(H), A(Z"H_) = 2*H_ and (A —1d)(z*H_) C "' H_, Vk € Z}.

res

In other words, the group NZ_(#) is the subgroup of BE_ (H) consisting of the triangular

operators with respect to the basis {|n) := 2™, n € Z} which have only 1’s on the diagonal.
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Proposition 8.7. The Banach Lie group Ni (M) is a normal subgroup of BE (H) and

res res

the quotient group BE_ (H)/NZ (H) is isomorphic to the group of bounded linear positive

definite operators which are diagonal with respect to the orthonormal basis {|2%), k € Z}.

Proof. Follows from the decomposition of a operator in B (H) into the product of a

diagonal operator and a operator in N (). d

res

Proposition 8.8. (i) The cell Cs is the orbit of Hg under B (H).
(i1) The strata Xg is the orbit of He under B (H).

Proof. 1t follows from Proposition 7.4.1 in [PS88], that the cell Cg is the orbit of H¢ under
Nf(H). Symmetrically, it follows from Proposition 7.3.3 in [PS88], that the strata g

res

is the orbit of Hg under N, (#). Since the diagonal part of an operator in BE (H) acts

res

trivially, one gets the same result replacing N (H) by B (H). O

res res

Theorem 8.9. The Schubert cells {Cs,S € S} are the symplectic leaves of Gryes(H).

Proof. The integrability of the characteristic distribution follows from Theorem 6 in [P12],
since Gryes(H) is a Hilbert manifold. The fact that the symplectic leaves are the orbits

of Bl (H) follows from the construction as in the finite-dimensional case. We conclude

using Proposition [8.8 O
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REFERENCES

[AMRSS8] R. Abraham, J.E. Marsden, T. Ratiu, Manifolds, Tensor Analysis, and Applications (second
edition), Applied Mathematical Sciences 75, Springer-Verlag, New York, 1988.

[A78] J. Arazy, Some remarks on interpolation theorems and the boundness of the triangular projection
in unitary matriz spaces, Integral Equations and Operator Theory, Vol. 1/4, (1978), 453-495.
[BW12] C. Balleier, T. Wurzbacher, On the geometry and quantization of symplectic Howe pairs, Math-

ematische Zeitschrift, Vol. 271 (2012), no. 1, 577-591.

[Bel06] D. Beltita, Iwasawa Decompositions of some infinite-dimensional Lie groups, Trans. Amer. Math.
Soc. 361 (2009), no. 12, 6613-6644.

[Belll] D. Beltitd, Functional analytic background for a theory of infinite-dimensional reductive Lie
groups, Developments and trends in infinite-dimensional Lie theory, 367-392, Progr. Math., 288,
Birkhuser Boston, Inc., Boston, MA, 2011.

[BGT18] D. Beltita, T. Golinski, A.B.Tumpach, Queer Poisson brackets, larXiv:1710.03057.

[BHRS11] R. Borcherds, M. Haiman, N. Reshetikhin, V. Serganova, Berkeley Lectures on
Lie Groups and Quantum Groups, edited by A. Geraschenko and T. Johnson-Freyd,
http://math.berkeley.edu/theojf/LieQuantumGroups.pdf.

[BN10] D. Beltita, K.-H. Neeb, Geometric characterization of hermitian algebras with continuous inver-
sion, Bull. Aust. Math. Soc. 81 (2010), no. 1, 96-113.

[BRTO07] D. Beltita, T.S. Ratiu, A.B. Tumpach, The restricted Grassmannian, Banach Lie-Poisson spaces
and coadjoint orbits, J. Funct. Anal. 247 (2007), no.1, 138-168.

[BrelO] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer
(2010).

[CP12] P. Cabau and F. Pelletier, Almost Lie structures on an anchored Banach bundle, J. Geom. Phys.
62 (2012), no. 11, 2147-2169.

[D88] K.R.Davidson, Nest algebras, Pitman Research Notes in Mathematics Series, vol. 191, Longman
Scientific and Technical Pub. Co., New York, 1988.

[DGR15] S. de Bievre, F. Genoud, S. Rota Nodari, Orbital stability: Analysis meets Geometry, Nonlinear
optical and atomic systems, 147273, Lecture Notes in Math., 2146, CEMPI Ser., Springer, Cham,
2015.


http://arxiv.org/abs/1710.03057
http://math.berkeley.edu/~theojf/LieQuantumGroups.pdf

BRUHAT-POISSON STRUCTURE OF THE RESTRICTED GRASSMANNIAN 49

[Do03] S. K. Donaldson, Moment Maps in differential geometry, Surveys in differential geometry, Vol.
VIII (Boston, MA, 2002), 171189, Surv. Differ. Geom., 8, Int. Press, Somerville, MA, 2003.

[DO11] A. Dobrogowska, A. Odzijewicz, Integrable hamiltonian systems related to the Hilbert-Schmidt
ideal, J. Geom. Phys. 61 (2011), no. 8, 1426-1445.

[Dr83] V. G. Drinfel’d, hamiltonian structures on Lie groups, Lie bialgebras and the geometric meaning
of the classical Yang-Baxter equations, Soviet Math. Dokl., Vol 27 (1983), no. 1, 68-71.

[GBV12] F. Gay-Balmaz, C. Vizman, Dual pairs in fluid dynamics, Annals of Global Analysis and
Geometry, Vol. 41 (2012), no. 1, 1-24.

[GBV15] F. Gay-Balmaz, C. Vizman, A dual pair for free boundary fluids, Int. J. Geom. Methods Mod.
Phys. 12 (2015), no. 7.

[GBV152] F. Gay-Balmaz, C. Vizman, Dual pairs for non-abelian fluids, Geometry, mechanics, and
dynamics, Fields Inst. Commun. 73, 107-135, Springer, New-York (2015).

[GK70] I.C. Gohberg, M.G. Krein, Theory and Applications of Volterra operators on Hilbert spaces, Trans-
lations of Mathematical Monographs (2nd ed.), Vol. 24, Amer. Math. Soc, Providence, RI (1970).

[GO10] T. Goliniski, A. Odzijewicz, Hierarchy of hamiltonian equations on Banach Lie-Poisson spaces
related to restricted Grassmannian, Journal of Functional Analysis 258 (2010), 3266-3294.

[KZ95] B. Khesin, I. Zakharevich, Poisson-Lie group of pseudodifferential symbols, Comm. Math. Phys.,
Vol. 171, no. 3, (1995), 475-530.

[Ki99] A. A. Kirillov, Merits and Demerits of the orbit method, Bulletin (New Series) of the American
Mathematical Society, Vol. 36, no. 4, 433-488.

[Ko88] Y. Kosmann-Schwarzbach, Poisson-Lie groups and complete integrability, Ann. Inst. Henri
Poincaré, Vol. 49, no. 4, (1988), 433-460.

[Ko96] Y. Kosmann-Schwarzbach, Poisson-Lie groups and beyond, Journal of Mathematical Sciences,
Vol. 82, no. 6, (1996), 3807-3813.

[Ko04] Y. Kosmann-Schwarzbach, Lie bialgebras, Poisson Lie groups and dressing transformations, In-
tegrability of Nonlinear Systems, Second edition, Lectures Notes in Physics 638, Springer-Verlag,
2004, 107-173.

[KM96] Y. Kosmann-Schwarzbach, F. Magri, Lax-Nijenhius operators for integrable systems, Journal
Math. Phys. 37 (12), (1996), 6173-6197.

[KM97] A. Kriegl, P. W. Michor, The convenient setting of global analysis, Mathematical surveys and
Monographs, Vol. 53, (1997).

[KP70] S. Kwapien, A. Pelczynski, The main triangle projection in matriz spaces and its applications,
Studia Math. 34 (1970), 43-68.

[La01] S. Lang, Fundamentals of Differential Geometry (corrected second printing), Graduate texts in
mathematics, vol. 191, Springer-Verlag, New York, 2001.

[Lu90] J.-H. Lu, Multiplicative and Affine Poisson Structures on Lie groups, Ph.D. thesis, UC Berkeley,
1991.

[LW90] J.-H. Lu, A. Weinstein, Poisson Lie groups, dressing transformations, and Bruhat decompositions,
J. Differential Geom. 31 (1990), no. 2, 501-526.

[M61] V.I. Macaev, Volterra operators produced by perturbation of self adjoint operators, Soviet Math.
Dokl. 2 (1961), 1013-1016.

[Ma98] C.-M. Marle, Introduction aux groupes de Lie-Poisson. In: A.S. Alves, F.J. Craveiro de Carvalho
and J.A. Pereira da Silva, ed., Geometria, Fisica-Matemdtica e Outros Ensaios, Departamento de
Matematica, Universidad de Coimbra, 1998, pp. 149-170

[NST14] K.-H. Neeb, H. Sahlmann, T. Thiemann, Weak Poisson structures on infinite dimensional man-
ifolds and hamiltonian actions, |http://arxiv.org/abs/1402.6818v1.

[OR03] A. Odzijewicz, T.S. Ratiu, Banach Lie-Poisson spaces and reduction, Comm. Math. Phys. 243
(2003), no. 1, 1-54.

[OR08] A. Odzijewicz, T.S. Ratiu, Induced and coinduced Lie-Poisson spaces and integrability, J.Funct.
Anal., 255, 1225-1272, 2008.

[P12] F. Pelletier, Integrability of weak distributions on Banach manifolds, Indag. Math. (N.S.) 23 (2012),
no. 3, 214-242.

[Pre85] A.Pressley, Loop Groups, Grassmannians and KdV equations, Infinite-dimensional groups with
applications, Publ. Math. Sci. Res. Inst. 4, 285-306 ( 1985).


http://arxiv.org/abs/1402.6818v1

50 A. B. TUMPACH

[PS88] A.Pressley, G.Segal, Loop Groups, Oxford Mathematical Monographs. Oxford (UK): Clarendon
Press. viii, 318 p. (1988)

[RS80] M. Reed, B. Simon, Functional Analysis (Methods of Modern Mathematical Physics Vol. I), Aca-
demic Press, (1980).

[RS75] M. Reed, B. Simon, Fourier analysis, self-adjointness (Methods of Mathematical Physics Vol. II),
Academic Press, (1975).

[R64] G.Restrepo, Differentiable norms in Banach spaces, Bull. Am. Math. Soc. 70, 413-414, (1964).

[RSTS79] A.G. Reyman, M.A. Semenov-Tian-Shansky, Reduction of hamiltonian Systems, Affine Lie
Algebras and Lar Equations, Inventiones Math. 54, (1979), 81-100.

[Rud91] W. Rudin, Functional Analysis, International Edition, McGraw-Hill, Inc. (1991).

[Sat83] M. Sato, Y.Sato, Soliton equations as dynamical systems on infinite-dimensional Grassmann
manifold, Nonlinear partial differential equations in applied science, Proc. U.S. - Jap. Semin., Tokyo
1982, North-Holland Math. Stud. 81, (1983), 259-271.

[Sch50] R. Schatten, A theory of cross spaces, Annals of Mathematical Studies 26, Princeton, N.J. (1950).

[Seg81] G.Segal, Unitary Representations of some Infinite Dimensional Groups, Comm. Math. Phys 80,
n° 3, (1981), 301-342.

[Seg89] G.Segal, Loop groups and harmonic maps, Advances in homotopy theory, Proc. Conf. in Honour
of I. M. James, Cortona/Italy 1988, Lond. Math. Soc. Lect. Note Ser. 139, (1989), 153-164.

[Seg91] G.Segal, The geometry of the KdV equation , Int. J. Mod. Phys. A 6, n° 16, (1991), 2859-2869.

[SW85] G.Segal, G Wilson, Loop Groups and equations of KdV type, Pub. Math. LH.E.S., 61 (1985),
5-65.

[STS83] M. A. Semenov-Tian-Shansky, What is a r matriz?, Funct. Anal. Appl. 17, no. 4, (1983), 259
272.

[STS85] M. A. Semenov-Tian-Shansky, Dressing transformations and Poisson group actions, Publ. RIMS
(Kyoto) 21, (1985), 1237-1260.

[STS87] M. A. Semenov-Tian-Shansky, Classical r-matrices, Lax equations, Poisson Lie Groups and
Dressing Transformations, Field Theory, quantum gravity and string IT (Meudon/Paris, 1985-1986),
Lecture Notes in Physics 280, Springer Berlin (1987), 174-214.

[STS91] M. A. Semenov-Tian-Shansky, Lectures on R-matrices, Poisson-Lie groups and integrable sys-
tems, in Lectures on Integrable Systems, In Memory of J.-L. Verdier, Proc. of the CIMPA School
on Integrable systems, Nice (France) 1991, O.Babelon, P. Cartier, Y. Kosmann-Schwarzbach, eds.,
World Scientific 1994, 269-317.

[Sim79] B.Simon, Trace ideals and their applications, Cambridge University Press, Cambridge, (1979).

[Tum162] A.B.Tumpach, Banach Poisson-Lie groups, in preparation.

[We83] A. Weinstein, The local structure of Poisson manifolds, J. Diff. Geom. 18, 523-557 (1983).

[We87] A. Weinstein, Symplectic groupoids and Poisson manifolds, Bulletin (New Series) of the American
Mathematical Society, Vol. 16, no. 1, (1987), 101-104.

[We88] A. Weinstein, Some remarks on dressing transformations, J. Fac. Sci. Univ. Tokyo Sect. IA Math.
35 (1988), no. 1, 163-167.

[We98] A. Weinstein, Poisson Geometry, Differential Geometry and its Applications 9 (1998), 213-238.



BRUHAT-POISSON STRUCTURE OF THE RESTRICTED GRASSMANNIAN

Notation Explanation

H complex separable infinite-dimensional Hilbert space

st unit circle

L2(Sh,C) complex-valued square-integrable functions

Loo (H) Banach space of bounded operators over H

La(H) Hilbert space of Hilbert-Schmidt operators over ‘H

L1(H) Banach space of trace-class operators over H

Lres(H) restricted Banach algebra defined by (2.))

L1,2(H) predual of Lres(H) defined by (22)

GLres(H) restricted general linear group defined by (2.3)

GL1,2(H) Banach Lie group with Lie algebra L1 2(H)

GL2(H) Hilbert Lie group with Lie algebra La(#)

u(H) real Banach Lie algebra of skew-hermitian bounded operators over H
Ures(H) real Banach Lie algebra of skew-hermitian operators in Lyes(H), see (2.7)
uy,2(H) real Banach Lie algebra of skew-hermitian operators in L1 2(H), see (28]
uz(H) real Hilbert Lie algebra of skew-hermitian Hilbert-Schmidt operators, see (2.9)
U(H) real Banach Lie group of unitary operators over H

Ures(H) restricted unitary group defined by (Z.10)

Ut,2(H) real Banach Lie group with Lie algebra uy, 2 (H)

Uz (H) real Hilbert Lie group with Lie algebra ug ()

Grres(H) the restricted Grassmannian defined in section 2.8

Pres(H) Parabolic subgroup of GLyes(#) defined by (213)

La(H)— Lower triangular Hilbert-Schmidt operators over H

Lo(H)4+ Stricktly upper triangular Hilbert-Schmidt operators over H

Lo(H)+ Upper triangular Hilbert-Schmidt operators over H

Lo(H)—— Stricktly lower triangular Hilbert-Schmidt operators over H

T_ Lower triangular truncation defined by (2.14)

Ty Stricktly upper triangular truncation defined by (215

D Diagonal truncation defined in (216

b3 (H), b, (H) and bis,

BF (H), BT, (M), and B, (M)
K(H)

L™%(g—,9+;K)

triangular Banach Lie subalgebras defined in section 210l

Triangular Banach Lie groups defined in section 2.11]

Ideal of compact operators over H

the space of continuous multilinear maps from g— X --- X g— X g4 X -+ X g4+
to K, where g_ is repeated r-times and g4 is repeated s-times
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