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Abstract

In this paper, we describe an example of a hyperkéahler quotient of
a Banach manifold by a Banach Lie group. Although the initial mani-
fold is not diffeomorphic to a Hilbert manifold (not even to a manifold
modelled on a reflexive Banach space), the quotient space obtained is
a Hilbert manifold, which can be furthermore identified either with
the cotangent space of a connected component Gry.s, (j € Z), of the
restricted Grassmannian or with a natural complexification of this con-
nected component, thus proving that these two manifolds are isomor-
phic hyperkahler manifolds. Moreover, Kahler potentials associated
with the natural complex structure of the cotangent space of Gries and
with the natural complex structure of the complexification of Gri.cs
are computed using Kostant-Souriau’s theory of prequantization.

Résumé

Dans cet article, nous présentons un exemple de quotient hyperkahlérien
d’une variété banachique par un groupe de Lie banachique. Bien que la
variété initiale ne soit pas difféomorphe & une variété hilbertienne (ni
méme & une variété modelée sur un espace de Banach réflexif), ’espace
quotient obtenu est une variété hilbertienne, qui peut étre identifiée,
selon la structure complexe distinguée, soit a I’espace cotangent d’une
composante connexe Gryes (j € Z) de la grassmannienne restreinte,
soit a une complexification naturelle de cette méme composante con-
nexe. De plus, les potentiels kihlériens associés respectivement a la
structure complexe naturelle de I'espace cotangent de Grﬁes et ala
structure complexe naturelle de la complexification de Gries sont cal-
culés a I’aide de la théorie de préquantisation de Kostant-Souriau.
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1 Introduction

A Kahler manifold of finite dimension is a Riemannian manifold en-
dowed with a complex structure that is parallel for the Levi-Civita
connection, or equivalently, a manifold equipped with a closed sym-
plectic real form, called the Kéhler form, and a compatible integrable
complex structure. A hyperkdhler manifold of finite dimension is a
manifold endowed with a Riemannian metric g and three complex
structures I, J, K such that : IJK = —1, and g is Kéahler with re-
spect to each complex structure. Hence a hyperkéhler manifold admits
three Kéhler forms w1, we, et w3, and the choice of one complex struc-
ture, for instance I, allows to build a holomorphic symplectic form,
namely ) = wa + iws3.

D. Kaledin and B. Feix have found independently in [16] and [12]
that, given a finite-dimensional manifold N endowed with a Kahler
metric g, there exists a hyperkahler metric g defined on a neighbor-
hood of the zero section of the cotangent space T*N of N, compatible
with the natural holomorphic symplectic structure of the cotangent
space, and such that the restriction of g to N is gp. In addition, g
is unique if one requires S'-invariance. D. Kaledin uses for his proof
the theory of Hodge manifolds, whereas B. Feix uses twistor spaces.
As far as we know, this result has not been extended to the infinite-
dimensional Banach setting. Moreover this existence result does not
lead to an explicit expression of the metric and examples of explicit
hyperkahler metrics are rare.

O. Biquard and P. Gauduchon provided in [4] a construction of
hyperkahler metrics on cotangent bundles of Hermitian symmetric
spaces, and in [5] hyperkéhler metrics on coadjoint orbits of symmet-
ric type of a complex semi-simple Lie group. Furthermore they estab-
lished formulas for Kéahler potentials that allow explicit expressions
of these metrics. In [6] the same authors identified these hyperké&hler
structures, showing that the cotangent space and the complexified
coadjoint orbit are, in the case of Hermitian symmetric spaces of fi-
nite dimension, two aspects of the same hyperkéhler object, which
appear in accordance with the chosen complex structure within the
2-sphere of complex structures.

In the case of the cotangent space of the Grassmannian Gr(p,n) of
subspaces of dimension p in C", the aforementioned hyperkahler struc-
ture can be obtained by a hyperkahler quotient, and the corresponding
Kahler potential can be computed via the theory of Kostant-Souriau’s
prequantization. It is the study of this particular example of Her-
mitian symmetric space that leads to the theory of O. Biquard and P.
Gauduchon as developed in [4]. In the present work, we show that each



connected component Gries (j € Z) of the restricted Grassmannian
Grres introduced by Pressley and Segal in [38], gives an example of
an infinite-dimensional Hermitian symmetric space whose cotangent
space can be obtained by an infinite-dimensional hyperkahler quotient
of a Banach manifold by a Banach Lie group. Moreover, we show that
the resulting quotient space can also be identified with a natural com-
plexification (’);(-j of Gries, also called complexified orbit, consisting of

pairs (P,Q) of elements of Grics such that P N QL = {0}. In this
way, the study of this particular example provides a first step towards
the generalization of the aforementioned results of O. Biquard and P.
Gauduchon to the infinite-dimensional setting. The full generaliza-
tion of these results has been carried out in [49] by the construction
of hyperkéhler metrics on complexifications of Hermitian-symmetric
affine coadjoint orbits of semi-simple L*-groups of compact type, and
by the identification of these complexifications with the cotangent
spaces of the orbits under consideration. This generalization is based
on Mostow’s Decomposition Theorem (see [48]) and on the notion of
strongly orthogonal roots of a L*-algebra (see the Appendix in [49]).

The theory of symplectic quotients was initiated by J. E. Marsden
and A. Weinstein in [28]. In finite dimension it was used in particu-
lar to construct new examples of symplectic manifolds. In [27] J.E.
Marsden and T. Ratiu applied this theory to infinite-dimensional man-
ifolds and obtained new developments of V.I. Arnold’s idea that fluid
motion equations are the equations of geodesics on a suitable infinite-
dimensional Lie group. Another example of infinite-dimensional sym-
plectic reduction is given by J. E. Marsden and A. Weinstein in [30] in
relation with the Maxwell-Vlasov equation. (For an overview of appli-
cations of the symplectic reduction see [29].) Ké&hler and hyperkahler
reductions are refinements of this theory. An infinite-dimensional ver-
sion based on the study of Nahm’s equations was used by P.B. Kro-
nheimer in [22] and [23] in order to construct hyperkéhler structures
on maximal semi-simple and nilpotent coadjoint orbits of semi-simple
complex (finite-dimensional) Lie groups. These results were general-
ized to all orbits by O. Biquard in [3] and A. G. Kovalev in [21].

In [15], V. G. Kac classifies infinite-dimensional Lie groups and al-
gebras into four (overlapping) categories:
1) Groups of diffeomorphisms of manifolds and the corresponding Lie
algebras of vector fields;
2) Lie groups (resp. Lie algebras) of maps from a finite-dimensional
manifold to a finite-dimensional Lie group (resp. Lie algebra);
3) Classical Lie groups and algebras of operators on Hilbert and Ba-
nach spaces;
4) Kac-Moody algebras.



The examples of infinite-dimensional reduction mentioned above con-
cern only the first two classes of groups. In this work we construct an
example of hyperkéhler reduction involving the third class of groups.

The structure of the paper is as follows. In Section 2, we intro-
duce the necessary background on Kahler and hyperkéhler quotients
of Banach manifolds as well as the theory of Kéahler potential on a
quotient induced by Kostant-Souriau’s theory of prequantization. In
the infinite-dimensional setting, the definition of a hyperkahler man-
ifold has to be specified so as to avoid problems such as the possible
non-existence of a Levi-Civita connection for weak Riemannian met-
rics. The conditions needed to get a smooth Kéhler structure on a
Kahler quotient of a Banach manifold by a Banach Lie group have to
be strengthened in comparison to the finite-dimensional case. In this
Section, a basic definition of the notion of stable manifold associated
with a level set and an holomorphic action of a complex Banach Lie
group on a Kéahler manifold is given. It is the most adapted to our
purpose, but can be related to more sophisticated definitions as the
one appearing in the Hilbert-Mumford Geometric Invariant Theory
(see [33]) or the one appearing in Donaldson’s work (see [11] for an
exposition of the circle of ideas around this notion). In Subsection
2.2, the existence of a smooth projection of the stable manifold to the
level set is proved and used in the identification of a smooth Kéahler
quotient with the complex quotient of the associated stable manifold
by the complexification of the group. In Subsection 2.4, we give a
survey of the theory of Kéhler potential on a Kéhler quotient which
includes a natural generalization to the Banach setting of the formula
for the Kahler potential proved by O. Biquard and P. Gauduchon in
Theorem 3.1 in [4].

In Section 3, we construct a smooth hyperkahler quotient of the
tangent bundle T M, of a flat non-reflexive Banach space M, (indexed
by k € R*) by a Banach Lie group G. The key point in the proof of
this result is the existence of a G-equivariant slice of the tangent space
to the level set, which is orthogonal to the G-orbits and allows one to
define a structure of smooth Riemannian manifold on the quotient. As
far as we know, the general procedure for finding closed complements
to closed subspaces of a Banach space recently developed by D. Beltita
and B. Prunaru in [2] does not apply in our cases, so that the existence
of closed complements has to be worked out by hand. For this purpose,
the properties of Schatten ideals are extensively used.

In Section 4, we show that the quotient space obtained in Section 3
can be identified with the cotangent bundle of a connected component
Griles of the restricted Grassmannian , which is therefore endowed
with a (1-parameter family of strong) hyperkahler structure(s). To



prove this identification, we use the stable manifold associated with
one of the complex structures of the quotient space and the general
results of Section 2. At the end of Section 4, we compute the Kéahler
potential associated with this complex structure using the theory ex-
plained in Subsection 2.4, and we give an expression of this potential
using the curvature of Gr,.s. The formulas obtained by this method
are analogous to the ones proved by O. Biquard and P. Gauduchon
in the finite-dimensional setting. By restriction to the zero section,
the theorems proved in Section 4 realize each connected component
of the restricted Grassmannian as a Kéhler quotient and provide the
expression of the Kahler potential of the restricted Grassmannian in-
duced by Pliicker’s embedding. The realization of the restricted Grass-
mannian as a symplectic quotient was independently obtained by T.
Wurzbacher in unplublished work and explained in numerous talks
(see [51]).

In Section 5, we show that the hyperkéahler quotient constructed
in Section 3 can also be identified with a natural complexification (’)}C

of Gries. For this purpose, we use various equivalent definitions of
the complexified orbit O;C. To give an explicit formula of the Kéahler
potential associated with this complex structure, we use an invariant
of the GC-orbits. The expression of the potential as a function of the
curvature of Gr,.s obtained by this method is again analogous to the
one given by O. Biquard and P. Gauduchon in [4]. An equivalent
expression, in terms of characteristic angles of a pair of subspaces
(P,Q) € (’)}C is also given.

2 Background on Kahler and hyperkahler
quotients of Banach manifolds

2.1 Kahler quotient

Let M be a smooth Banach manifold over the field K = R or C,
endowed with a smooth action of a Banach Lie group G (over K),
whose Lie algebra will be denoted by g. For a Banach space B over K,
we will denote by B’ the topological dual space of B, i.e. the Banach
space of continuous linear applications from B to K.

Definition 2.1 A weak symplectic form w on M is a closed smooth
2-form on M such that for all x in M the map

X — in

is an injection.



Definition 2.2 A moment map for a G-action on a weakly symplectic
Banach manifold M is a map u : M — ¢, satisfying

dpz(a) = ixe w,

for all z in M and for all a in g, where X denotes the vector field
on M generated by the infinitesimal action of a € g. The G-action
is called Hamiltonian if there exists a G-equivariant moment map pu,
i.e. a moment map satisfying the following condition :

(g - z) = Ad*(g) (u(x)) .

Definition 2.3 A regular value of the moment map is an element
¢ € g such that, for every z in the level set p=1(¢), the map du,
T, M — g’ is surjective and its kernel admits a closed complement in

T, M.

Remark 2.4 If ¢ is a regular value of y, then p~1(€) is a submanifold
of M. If u is G-equivariant and if £ is an Ad*(G)-invariant element of
@', then the manifold p~1(¢) is globally G-stable, and one can consider
the quotient space u=1(£)/G.

In the following, we consider an Hamiltonian action of G on M and
a regular Ad*(G)-invariant element & of g’. We recall some classical
results on the topology and geometry of the quotient space. Propo-
sitions 2.5, 2.6 and 2.7 are respectively Proposition 3 chap.IlI §4.2 in
[7], Proposition 6 chap.III §4.3 in [7] and Proposition 10 chap.III §1.5
in [8], up to notational changes.

Proposition 2.5 ([7]) If G acts properly on a manifold N, then the
quotient space N'/G endowed with the quotient topology is Hausdorff.

Proposition 2.6 ([7]) If G acts freely on N, the action of G is
proper if and only if the graph C of the equivalence relation defined
by G is closed in N x N and the canonical application from C to G is
continuous.

Proposition 2.7 ([8]) Assume that G acts freely and properly on N
If, for every x € N, the tangent space T,G-x to the orbit G-z at x
is closed in TN and admits a closed complement, then the quotient
space N'/G has a unique structure of Banach manifold such that the
projection © : N — N /G is a submersion.

Remark 2.8 Let b be a continuous bilinear form on a Banach vector
space B. Suppose that b realizes an injection of B into its topological
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dual B’ by b(X) :=b(X,- ), for X € B. For any linear subspace A of
B, we have the inclusion

Ac (ALb>Lb

but not necessarily the equality. The equality means that any con-
tinuous linear form vanishing on A** is of the form lNJ(X ) for some
X € A, which is a particular property of the subspace A. Along the
same lines, if b is a positive definite symmetric bilinear form on B, we
have :

An At = {0},

but in general we do not have :
B=AgpAb (1)

even if A is closed, since the right hand side may not be closed. Fur-
thermore J. Lindenstrauss and L. Tzafriri have proved in [26] that
a Banach space in which every closed subspace is complemented is
isomorphic to a Hilbert space. This implies in particular that for a
non-reflexive Banach space B endowed with a weak Riemannian met-
ric, equality (1) is certainly not fulfilled by every closed subspace A.

Proposition 2.9 If 4= 1(¢)/G has a Banach manifold structure such
that the quotient map is a submersion, and if G acts by symplecto-
morphisms, the condition

Llw
T,G-x = ((TxG-x)L‘”> for all = € p(€)

implies that p=1(€)/G is a weakly symplectic manifold.

O Proof of Proposition 2.9:
Denote by 7 the quotient map 7 : p=1(¢) — p~1(€)/G. Let us show
that the following expression

Wred,[x] (X7Y> = ww()???)a (2)

where X,Y are in Tp,) (1~ (£)/G) and where mX =Xand 1Y =Y,
defines a weak symplectic structure on the quotient. Note that for
all z € u=1(€), the tangent space T, (u~1(€)) is precisely the kernel of
the differential dyu,, so that for all a € g, the 1-form i x«w vanishes on
p~1(€). This implies that the right-hand side of (2) does not depend
on the choice of X and Y. Since G acts by symplectomorphisms, it
does not depend on the choice of the element x in the class [z] either.



It follows that m*wreq = wj,-1(¢). Since w is closed, so is wyeq. The
kernel of wy¢q at a point [x] in the quotient space is :

(T (171©) ) -

Note that the tangent space T, G-x to the G-orbit of x is spanned by
{X%x),a € g}, hence we have

Ty (7'(8) = (TuG-z)*,

and
Lo

(T: (n7(9) ™ = ((1G-2)™)

For wyeq to be symplectic, one needs T, (/fl(g))J'“ = T,G-x, which
is precisely the hypothesis. |

Recall the following definition :

Definition 2.10 A G-equivariant slice of the manifold p~1(¢) is a
subbundle H of the tangent bundle T' (u‘l(f)) such that, for every x
in u=1(¢), H, is a closed complement to the tangent space T,,G-x of
the G-orbit G-z, and such that

Hg~:1: = g*Hxa
for all z in ©=1(¢) and for all g in G.

Remark 2.11 Suppose that the manifold M is endowed with a weakly
Riemannian G-invariant metric g. Then the existence of a G-invariant
slice H of 1 ~1(¢&) allows one to define a weakly Riemannian metric g..q
on the quotient p~1(¢)/G, as follows. For every o € u~1(£), we set

Bred,[z] * T’[ac] (:u_l(f)/G) XT[:B] (,u_l(g)/G) - R o
(X,Y) = gz(va)a

where X and Y are the unique elements of H, such that m,(X) = X

and . (Y) =Y.

Definition 2.12 A weak Kéahler manifold is a Banach manifold M
endowed with a weak symplectic form w and a weak Riemannian met-
ric g (i.e. such that at every x in M, g defines an injection of T, M
into its dual), satisfying the following compatibility condition :

(C) the endomorphism I of the tangent bundle of M defined by
g(IX,Y) = w(X,Y) satisfies I> = —1 and the Nijenhuis tensor
N of I vanishes.



Recall that the Nijenhuis tensor has the following expression at x in

M
NL(X,Y) = [X,Y] + I[X, IY] + I[IX,Y] - [IX, IY],
where X and Y belong to T, M.

Theorem 2.13 Let M be a smooth Kdahler Banach manifold endowed
with a free and proper Hamiltonian action of a Banach Lie group
G preserving the Kdhler structure. If, for every x in the preimage
p= (&) of an Ad*(G)-invariant reqular value of the moment map pu,
the tangent space T,G-x of the orbit G-x satisfies the direct sum
condition

(D) I,G-z @ (TxG'x)Lg =T (M_l(f))v

then the quotient space M/ /G = u~1(€)/G is a smooth Kdhler man-
ifold.

B Proof of Theorem 2.13:
Let us denote by (g,w, I) the Kihler structure of M. For z in p~*(¢),
the condition

T,G-z & (T,G-z)*e = T~ (€),

implies that the tangent space of the orbit G-« satisfies the following
property :
1)\t
<(T$G-x) ) ~ T,G-x (3)

(the converse may not be true). In particular, T,G-x is closed and
splits, so one is able to define on the quotient space a Banach manifold
structure by use of Proposition 2.7. Now equality (3) is equivalent to

<(TxG’~az)J‘“) - T,G x,

since [ is orthogonal with respect to g. So the condition needed for the
definition of the symplectic structure on the quotient in Proposition
2.9 is fulfilled. Moreover the orthogonal H, := (T,G-z)"¢ of T,G -z
in T, (u='(£)) defines a G-equivariant slice for the manifold p~!(¢),
and, by Remark 2.10, allows one to define a Riemannian metric on the
quotient. It remains to define a compatible complex structure I,.4 on
p~1(€)/G. For this purpose, let us remark that

IH, = I (T,G-z)"* C Tyu ' (&) = (T,G-2)™

since w(X% IU) = g(IX% IU) = g(X%U) =0 for all ain g and U
in H,. In addition, IH, is orthogonal to T,G-x with respect to g
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since g(IU, X®) = w(U, X% =0 for U € T, (u™*(&)) = (T,G-x) ™.
This implies that H, is stable under I and one can define a complex
structure I,..q on the quotient space by:

Lieq : T[m] (:U'il(g)/G) - T[x] (H’il(g)/G)
X — W*IIX,

where 2 is in [z] and where X is the unique element of H, whose
projection on Tj, (M_l(f)/G) is X. Hence one has :

Iredﬂ'*X =mJX.

The application 7 being a submersion, given two vector fields X and
Y on u~1(¢)/G, one has :

Y] = (IX. Y1),

where again X satisfies X (z) € H, and 7.(X) = X, and similar
conditions for Y. Therefore the formal integrability condition on I
implies the formal integrability condition on I,.q since the Nijenhuis
tensor of I..4 has the following expression:

N(X, Y) = [X7~Y]~+ Ired [Xa IrngL'i_ Ired [IredXLYL_ [IredXLIreULY]
= T [X, Y]+ Lyeqmi[ X, IY] + Lyeama[IX, Y] = m,[1X, 1V]
= m.(N(X,T)).

where X,V are in T}, (1~ '(€)/G) and X,Y are as before. [

Remark 2.14 In contrast to the finite-dimensional case illustrated
by the Newlander-Nirenberg Theorem (see [34]), the formal integra-
bility condition of an almost complex structure I on a Banach man-
ifold M given by a vanishing Nijenhuis tensor is not sufficient for
M to admit a system of holomorphic charts. An example of a for-
mally integrable complex structure on a real Banach manifold which
does not admit any open subset biholomorphic to an open subset of
a complex Banach manifold was recently constructed by I. Patyi in
[35]. However, if M is a real analytic manifold and I a formally in-
tegrable analytic complex structure, then M can be endowed with a
holomorphic atlas (see [36], and [1] for the details of this result). Note
also that, in the Fréchet context, L. Lempert showed in [25] that the
complex structure defined in [31] by J. E. Marsden and A. Weinstein
on the space of knots does not lead to the existence of holomorphic
charts, although this structure was shown to be formally integrable
by J.L. Brylinski in [10]. In the context of formally integrable com-
plex structures, we will call a map f between two complex manifolds
(M, In) and (N, In) holomorphic if df o Ipy = In o df.
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2.2 Stable manifold

Let (M,w,g,I) be a smooth Kéhler Banach manifold endowed with
a smooth Hamiltonian action of a Banach Lie group G preserving the
Kéhler structure. Let £ be an Ad*(G)-invariant regular value of the
moment map p. Assume that there exists a complex Lie group G©
with Lie algebra ¢ := g@®ig which acts holomorphically and smoothly
on M extending the action of GG, and that the following assumption
holds :

(H) for every z in p1(£), one has: TybM = T, (= (€)) @1 T,Gw
as topological sum.
(Note that, by definition of the moment map, one has T, (1= '(£)) = (I T,G-x)*s,
so (H) states that the direct sum of I T,,Gz and its orthogonal is closed
in T, M, which is not always the case as mentioned in Remark 2.8,
but nevertheless a natural assumption to make.) The action of G® on

M allows one to define a notion of stable manifold associated with
the level set u~1(€) :

Definition 2.15 The stable manifold M?® associated with the level set
w1 (€) is defined by:

M ={xeM | EgGGC,g-mG/fl({)}.

Remark 2.16 The assumption (H) implies that M?* is open in M
since T, M® = T, M for every element z in x~1(£), hence, by transla-
tion by an element of GC, for every z in M?>.

Proposition 2.17 If G admits a polar decomposition G = expig-
G, then for every x in u=1(£), one has:

Gtz n e = G

O Proof of Proposition 2.17:
Clearly Gz C G%z N p~1(¢) since € is Ad*(G)-invariant. Let us show
that G% N p~'(¢) C Ga. Suppose that there exists g € G* such that
g-x € p~H(€). Since p~1(€) is G-invariant and since G© = exp igG, it
is sufficient to consider the case when g = expia, a € g.
Define the function A : R — R by h(t) = p ((expita) - x) (a). One
has h(0) = h(1) = £(a), hence there exists ¢y € (0,1) such that :

0 =1 (to) = dyp(ia - y)(a) = —wy(ia - y,a-y) = [la -y,

where y = exp(itpa) - . Hence a-y = 0 and exp(iaR) fixes y, thus
also z. It follows that :

exp(iaR) -& N p~'(€) = {z}.

12



O
From now on and till the end of Section 2, it will be assumed that G©
admits a polar decomposition.

Corollary 2.18 If G acts freely on p=(€), then GC acts freely on
M.

O Proof of Corollary 2.18:
Let « be an element of x~1(¢) and let g € GC be such that g -2 =
x. Since GC = expig-G, there exists u € G and a € g such that
g = exp(ia)u, and one has exp(ia)u - x = x. From the proof of the
previous Proposition , one has:

exp(iaR).(uz) N p=1(€) = {ux}.

It follows that uxr = x, thus u = e, since G acts freely on = *(¢). Now,
the condition exp(iaR) - x = = implies that a fixes x, hence a =0. O

Proposition 2.19 Assume that G acts freely on p=*(¢). Then, for
every y in M?, there is a unique element g(y) in expig such that g(y)
maps y to the level set. The resulting application

g: M° — expig
y = g

is smooth and the projection q

is smooth and G-equivariant.

O Proof of Proposition 2.19 :

. Let y be in M? and suppose that there exist two elements a and
b in g such that both expia -y and expib -y belong to u~'(£). Since
expia-y and expib -y are in the same GC-orbit, by Proposition 2.17,
there exists u in GG such that expia -y = u - expib-y. Since G acts
freely on the level set, Corollary 2.18 implies that GC acts freely on
M2, Tt follows that expia = u - expib, hence, by uniqueness of the
polar decomposition, u is the unit element of G and expia = expib.
Therefore g(y) = expia is well defined, and so is the projection q.

. Let us show that the application :

g : M? — expig
y = g

13



is smooth. Since GC acts smoothly on M?*, it will imply that the
projection ¢ is smooth also. Consider the following map :

¢ : expigx M*® — M
(expia, y) +— expia-y,

which maps expig x M® onto M?. (Recall that expig inherits a Ba-
nach manifold structure from its identification with the homogeneous
space G©/G.) We will prove that ¢ is transversal to u~!(£) (see §5.11.6
and §5.11.7 of [9] for a definition of this notion), so that the subset

o () = { ),y e M}

is a smooth submanifold of expig x M?. The smoothness of the ap-
plication g will therefore follow from the smoothness of the projection
p1 : expig X M® — expig on the first factor. We will denote by
R, the right translation by y on GC. The differential of ¢ at a point
(expia,y) in expig X M? reads :

(dD) (exp iay) (((Rexpia), (ib),Z)) :=ib - (expia - y) ® (expia), (Z).
Note that, for every element (expia,y) in ¢! (u‘1(§)), one has :
(d¢)(expia7y) ({0} X TyMS) = T:BMS

where x := expia -y, so that (d(b)(
show that the subspace

(A9) {expiay) (Lo (£)))

is complemented. For this purpose recall that, by assumption (H), the
tangent space T, M? is isomorphic to

(exp(—ia))s (To (1~'(€))) & (exp(—ia))s (ig - z),

so that the tangent space

expiay) 15 surjective. It remains to

Tiexpiay) (expig X M?) = Texpia (expig) x TyM*
is isomorphic to g x T, (= 1(€)) x g by the following isomorphism :

7 gxTy (u‘l(ﬁ)) xXg — Texpia (expig) X TZUMS

(b, W, c) —  ((Rexpia), (ib) , (exp(—ia))s (W) + (exp(—ia)) (ic- z)) .
The element j(b, W, ¢) belongs to (dqb)(_e)l(pm’y) whenever ib -z + W +

ic-x e Ty (ufl(g)). Since G acts freely on M, it follows that the
subspace :

(d9) (expiag) (Te(11(€)))

14



equals
{J(6,W,=b) , beg,W e T, (u'(¢) },
and
{4(6,0,b) , beg}
is a closed complement to it.

. Let us check the G-equivariance of ¢q. Since p is G-equivariant
and ¢ is Ad*(G)-invariant, one has :

p(u-g(y) - y) = (Ad)*(u) (u(g(y) - y)) = (Ad)"(u)(§) = ¢

y)
for all u in G, and y in M*. We can write ¢g(y) = exp ia for some a € g.
Now the equality u - expia = exp (Ad(u)(ia)) - u and the uniqueness
of the element g(u - y) satisfying g(u - y) - (u -
that :

y) proved above, imply

g(u-y) = exp(Ad(u)(ia)).
Hence ¢ satisfies the G-equivariant condition :

q(u-y) = u-q(y)
for all u € G and y € M?. O

Proposition 2.20 If G acts freely and properly on p=(€), then G©
acts (freely and) properly on M?.

O Proof of Proposition 2.20:
By Proposition 2.18, G acts freely on M?*. By Proposition 2.6, G©
acts properly on M? if and only if the graph C of the equivalence
relation defined by G€ is closed in M?* x M? and the canonical map
from C to G€ is continuous.

Let us show that C is closed in M*® x M?. Denote by C the graph
of the equivalence relation defined by the action of G on “1(¢). Let
{(Yn,Vn - Yn) }nen be a sequence in C, where y, € M?® and v, € G,
which converges to an element (Yoo, zoo) in M?® x M?®. From Propo—
sition 2.17 and from the continuity of the projection g, the sequence
{(¢(yn),q(vn - Yn)) }nen belongs to C and converges to (¢(Yoo), ¢(200))-
Since C is closed in u=1(&) x p=1(€), it follows that ¢(2e0) = Uso * ¢(Yoo)
for some s in G. Hence 2o = 9(200) ™ 009 (Yoo ) -Yoo. Thus C is closed
in M*® x M?.

Let us show that the canonical map 7 from C to GC is continuous.
Denote by ¢ the canonical map from C to G. One has :

i(y,2) = g(2)""oula(y) a(2)) 0 9(y),
and the continuity of ¢ follows from the continuity of the applications
t, g and q. O

We conclude this Subsection with
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Theorem 2.21 Let M be a Banach Kdhler manifold endowed with a
smooth, free and proper Hamiltonian action of a Banach Lie group G,
which preserves the Kdhler structure and extends to a smooth holo-
morphic action of a complex Lie group G€ = expig-G. Let ¢ be an
Ad*(G)-invariant regular value of the moment map . If for every x
in =€), the orthogonal (T,G-2)" of TyG-z in T, (L1(&)) satisfies
the following direct sum condition

(D + H) "M = T,Gz & (T,G-2)* & I(T,G-x),

then the quotient space M*®/GC is a smooth complex manifold isomor-
phic to the smooth Kdihler quotient M//G = u=(£)/G as complex
smooth manifold. Moreover the full integrability of the complex struc-
ture on M implies the full integrability of the complex structure on

M?* /G, hence on M//G.

B Proof of Theorem 2.21 :
By Proposition 2.18 and Proposition 2.20, G€ acts freely and properly
on M?®. The smoothness of the application g and the G-equivariant
slice H of p~(€) given by H, := (T,G-z)"%, allows one to define
a G-equivariant slice on M?, also denoted by H, by the following
formula :
Hy = g(y)7" (Hy) € TyM?,

for all y in M?. The following decomposition of the tangent space
TyM? holds :

T,M* = H, ® T, (G%y).

By Proposition 2.7, it follows that M?*/G® has a unique (real) Ba-
nach manifold structure such that the quotient map is a submersion.
Since for every element y in M*, H(,) is invariant under the complex
structure I of M, and since the G®-action on M is holomorphic, for
every y in M? the subspace H, of T, M?* is I-invariant and, further,
M?/GE inherits a natural complex structure. Moreover, since the
complex structure of the quotient M?*/ G® comes from the complex
structure of M, the natural injection p~1(¢) < M?* induces a com-
plex isomorphism between p~1(¢)/G and M?*/GC. Finally, M* being
an open subset of M because of (H), the existence of holomorphic
charts on M allow one to apply Proposition 2.7 to the holomorphic
quotient M*/ GC, thus implies the existence of holomorphic charts on

M#/GE. -

2.3 Hyperkahler quotient

Let M be a Banach manifold endowed with a weak hyperkahler metric
g, with Kahler forms w1, we and w3, and corresponding complex struc-
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tures Iy, I, and I3. Let G be a connected Banach Lie group with Lie
algebra g, acting freely on M by hyperkahler diffeomorphisms. We
assume in this Subsection that there exists a G-equivariant moment
map p; for each symplectic structure. Define y : M — g’ ® R3 by
= p1 @ ue ® ps. Let & = (£1,&2,8&3) be a regular Ad*(G)-invariant
value of the moment map pu.

Theorem 2.22 [fG acts freely and properly on M and if, for every x
in =€), the orthogonal (TmG-x)lg of T,G-x inT, (,u_l(f)) satisfies
the direct sum condition

(D) Gz & (TIG'x)Lg =T (N_l(g))»

then the quotient space p=*(€)/G carries a structure of smooth Banach
hyperkdhler manifold.

B Proof of Theorem 2.22:
This is a direct application of Theorem 2.13 with respect to each com-
plex structure I, Is, and I3 of M. By the very definition of the com-
plex structures and symplectic forms on the reduced space, = 1(¢)/G

inherits a hyperkéhler structure from the hyperkéhler structure of M.
[

Let us now assume that the orthogonal (T,G-z)" of T,Ga: in T}, (1)
satisfies the direct sum condition

(S) for every z in i~ 1(€), one has: T,M = TGz & (T,G-2)™* & [IT,G
x & LT,G-x @& I3T,G-x as a topological direct sum.

For each complex structure [ P = k111 4+ ko Is + k3 I3 in the 2-sphere

of complex structures on M, indexed by k= (k1, ks, k3) in S2, let us
define an action -3 of ig on M by :
ia L= IE(a-a:),

for all @ in g and for all z in M. Assume that for a given E, the
action -z integrates into an I;-holomorphic action of G on M. Let
us choose an orthogonal complex structure to I;; denoted by Ij; and
define a third complex structure by Iz := I..I}; so that (IE’ I, Iﬁ@)
satisfies the quaternionic identities. Denote by uz the combination
Py = ki p1 + ko po + k3 pg and similarly p; and p5. Consider & :=
W& +12& + 1383 and &7 = m1 & + mo & + m3 €, and similarly
wpi=liwy +laws + l3ws and wyy 1= my w1 + mawz + M3 ws.

Proposition 2.23 The map u® := pptipg is an Ad* (GC)-equz’vam’ant
holomorphic moment map for the Ip.-complex symplectic structure wy+
z'w,ﬁ.
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O Proof of Proposition 2.23:
By the same algebraic arguments than the ones given in [14], section
3 (D), the map 1€ is holomorphic and a moment map for Wi+ (W
Since G is connected, the Ad* (GC)—equivariance of u® is will follow
from

(dp®(ia.x), b) = (u"(x), [a, b]),

for all x in M, and all a,b € g. But this is an easy consequence of the
Ad*(G)-equivariance of pj and p,; and the following identities

d(ia.x) = dp® (LX) = idp~(XY) and  p(x) ([ia, b]) = in"(2) (0, b)) ,
where X*® denotes the vector field generated by a € g. O

Lemma 2.24 The stable manifold M®s with respect to the complex
structure Ir, associated with the level set p=1(€), is a submanifold of
the Banach manifold M, contained in the preimage by u® of the G©-
coadjoint of &+ i§m. In particular, if &g+ i€ is in the center of g€,
then M C (&) 0 g (6m)-

A Proof of Lemma 2.24:

The fact that M®% is included in (uc)fl (Ad* (GC) (£f+ zgm)) is a
direct consequence of the Ad*(G®)-equivariance of u® (Proposition
2.23). Let x be an element in the level set u~'(¢). Since ¢ is a
regular value of y, the level set u~1(¢) is a Banach submanifold of M.
Consider an adapted chart (V, E x F, ) of the submanifold p~1(¢) at
x, where V is a neighborhood of x in M, E and F are two Banach
spaces, and ¢ is an homeomorphism from ) onto a neighborhood of
0 in E x F such that U, := ¢ (171 (§) NV) C E. By assumption (S),
one has :

.M = T,Ge @ (T,G-2)"* @ I (T,Gx) ® (TG 2) ® Iy (T,G ),

hence F' is isomorphic (as Banach space) to I (T,G-z) © I;(T,G-x) © I (TG ).
For a in the Lie algebra g of GG, denote by X*© the vector field on M
generated by a. Since G acts freely on M, the map g — I (T,G-x)
which assigns to a € g the vector Iz X" is a continuous bijection of
Banach spaces, hence an isomorphism, and similarly for the indexes
[ and /. Since by hypothesis the G-action on M extend to a I;-
holomorphic action of G® on M, the vector fields I XY, for a € g,
are complete, whereas the flows ¢ — f;be e of the vector fields

(Ibe + LﬁX‘), with b and ¢ in g, may not be globally defined. Nev-
ertheless, by the smooth dependance of the solutions of a differential
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equation with respect to a parameter, there exists a small neighbor-
hood Us of 0 in (TG x) © Iy (T:G-x) ~ g @ g for which the flows
t ; : :
f 1X0 I xe L€ defined for ¢ € [0, 1]. Now consider the following map :
UV : UydgdlUy — M
(u, a, ([37 C)) = expia N f}be—l-ImXc (90_1(u)) :

Then ¥ provides a chart in the neighborhood of any y in the fiber
ql_;,l(x) where gz : M — w1 (€) is the projection defined in Propo-
sition 2.19. A

With the notation above, Theorem 2.21 reads:

Theorem 2.25 If G acts freely and properly on M, and if, for every
x in p~ (), the orthogonal of T,G-x in Tpop~(€) satisfies the direct
sum conditions (D) and (S), then the quotient space M®/G® is a
smooth I-complex manifold which is diffeomorphic to p(€)/G as a
Ii:-complex smooth manifold. |

2.4 Kahler potential on a Kahler quotient

This Subsection is a generalization to the Banach setting of results
obtained in the finite-dimensional case by O. Biquard and P. Gaudu-
chon in [4] (see Theorem 3.1 there), and based on an idea in [14]. In
this Subsection, we will again make use of the setting of Subsection
2.2 and we will suppose that the complex structure I of M is formally
integrable.

Recall that the complex structure I acts on n-differential forms by
n — In where

(IN)e(X1, ..., Xn) = (=1)"(IXy,...,1Xn).

and where x belongs to M, and X1, ..., X, are elements in T, M. This
action allows one to define the corresponding differential operator d°
by d¢ := IdI~'. Note that dd® = 2i00 where 0 and 0 are the Dolbeault
operators. Recall also the following definitions :

Definition 2.26 A Kahler potential on M is a function K on M
such that w = dd°K.

In the following we will make the assumption that M admits a G-
invariant globally defined Kéahler potential, which will be the case in
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the next Section. Under this assumption, the action of G is Hamil-
tonian with respect to the moment map p defined by:

u(a)(a) = dE(IX),
for all z in M, and for all a in g.

Lemma 2.27 If K is a globally defined Kdahler potential on (M, w,I),
then the trivial bundle L = M x C endowed with the Chern connection
V associated with the Hermitian product h on L given by :

hio(z),0(z)) = e 2K@),

where o is the canonical section o(x) = (x,1), prequantifies M in the
sense that RY = iw.

A Proof of Lemma 2.27:
Given a non-vanishing section ¢ such that do = 0, the curvature of
the Chern connection has the following expression

1
RY = 5;dd°1og (0, 0)

since the 0 operator on L = M x C satisfies the formal integrabil-
ity condition d° o d? = 0. Hence the Hermitian product h satisfies :
ddlogh(o,0) = —2w = —2dd°K, i.e. logh = —2K + n, where 7 is in
the kernel of dd® and can be chosen to be 0. A

The aim of this Subsection is to compute a Kéhler potential on a
smooth Kiihler quotient M//G = p=(£)/G, given a globally defined
Kaéhler potential on M. For this purpose we will construct a holomor-
phic line bundle (L, h) over x~1(£)/G which prequantifies = (€)/G.
The previous Lemma establishes the link between the Hermitian scalar
product on a trivial line bundle and a globally defined potential. If
the pull-back of (L, h) to the stable manifold M* (which is an open
subset of M since we assume hypothesis (H) satisfied) is a trivial Her-
mitian line bundle, then the pull-back of the Hermitian scalar product
h induces a globally defined Ké&hler potential on M?.

Consider the following action of the Lie algebra g on the vector
space I'(L) of sections of the trivial line bundle L :

a.0 = —Vxao —ipc +ié(a).o,

for all o in I'(L) and a in g. This action corresponds to the action of
g on the total space of L which assigns to an element a € g the vector
field X* over L whose value at a point ( € L over x € M is :

A ~

X)) = X(CQ) +ip(2).T(¢) — i€(a).T(C),

20



where X%(¢) denotes the horizontal lift at ¢ of X® for the trivial
connection, and where T denotes the vertical vector field given by
T'(¢) = ¢. This action integrates into an action of the group G if and
only if the following integrability condition is satisfied :

(I) a — i&(a) is the differential of a group homomorphism from G
to S! at the unit element e of G.

Suppose it is the case and denote by x the homomorphism such that
(dx)e = —i&. The homomorphism x extends to a homomorphism of
G to C*, which will be also denoted by x. The corresponding action
of G€ on L is given by :

9 (@, 2) = (g -2, x(9) " 22),

where g is an element in G®. This induces an action of G€ on I'(L)
by :
(9-0)(x) =gla(g™" - x)).

where o belongs to T'(L), g is an element in G and z is in M. In
the remainder of this Subsection, we will assume that the integrability
condition (I) is satisfied.

Definition 2.28 Let L be the complex line bundle over p~'(€)/G
obtained as the G-orbit space of the restriction of the trivial line bun-
dle L to the level set ~1(€). The fiber of L over an element [z] in
pE)/C s A

L([z]) = [z, z)],

where (z, z;) ~ (g2, x(9) " .2,) for all g € GC.

Definition 2.29 Define an Hermitian scalar product i on L by :

~

h(61,62) = h(o1,09),

where, for i € {1, 2}, 0; is the G-invariant section of L;,-1() whose

~

projection to I'(L) is 4;.

Proposition 2.30 Let o be a G-invariant section of Lj,—1(¢) whose

projection to I'(L) will be denoted by &, and let X be a vector field on
=1 (€) /G whose horizontal lift with respect to an arbitrary G-invariant
connection V on the bundle u= (&) — p=1(€)/G will be denoted by X .
Then the identity

@X6 =Vygo

where V denotes the Chern connection on L, defines a connection v
on L, which is independent of V and for which h is parallel.
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O Proof of Proposition 2.30 :
Note that : Vyh = V¢h = 0, since V preserves h. Let X, be the
horizontal lift of X with respect to another G-invariant connection.
One has: X1 = X + X9 with a € g. If o is G-invariant, then :

Vxao = —a.0 —iuo +ié(a).c = 0.

Consequently V go =V %0 hence V is independent of the connection
V. To check that V 0 is G-invariant, note that for all a € g, one has :

aVgo =-VxiVgio—iu*Vio+i{(a)Vzio
- _VXVXCI? — V[Xa7)'q0' - RX“,XO.
= —iw(X% X)o = 0.

|

Proposition 2.31 The Hermitian line bundle (ﬁ, h, @) prequantifies
the quotient u~1(€)/G in the sense that RY = iwyeq.

O Proof of Proposition 2.31 :
For any vector fields X and Y on p~1(€)/G, and for every section &
of L given by a G-invariant section o of Lj,—1(¢), one has :

RYy6 =VgVgo—VyVgo - Vier©
—iw(X,Y)o +V
= iwreq(X,Y )0,

X,¥]-xv]7

—_—

since [X,Y] — [X,Y] is tangent to the G-orbit and since, for every
a € g, the identity

a.0 = —Vxao —ipo+i&(a).c =0

implies that the covariant derivative of o with respect to a vertical
vector vanishes. a

Corollary 2.32 The complex structure of the Hermitian line bundle
(L, h) is formally integrable and the connection V is the Chern con-
nection.

O Proof of Corollary 2.32 :
The curvature of L being of type (1,1), the operator 0 := V01 defines
a formally integrable complex structure on L. Moreover, V is C-linear
and preserves iz, thus it is the associated Chern connection. O
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To proceed, suppose that we are under the assumptions of Theorem
2.21, so that we have a submersion:

p: M — uH(E)/G

given by the identification of p~'(£)/G with M*®/GC. Note that the
differential of p satisfies : dpo I = I,¢s o dp, where I and I,.4 are the
complex structures on M?* and pu~1(€)/G respectively. From Proposi-
tion 2.19 it follows that there exists a map

g M® —expig
and a smooth projection :

q: M —pum(9),
satisfying g(x)-z = ¢(z) for all  in M?.

Proposition 2.33 The 2-form p*wyeq s the curvature of the line bun-
dle (Liags, h), where h is defined by:

for x in M® and ¢ in L.

O Proof of Proposition 2.33 :
Since dp satisfies dp o I = Ires o dp, the pull-back by p of the AChern
connection associated with A is the Chern connection of p*L with

respect to p*ﬁ. Thus RP'Y = 1p*wreq. In addition, the fiber over
x € M? of the bundle p*L is :

(P L)z = Lp(z) = [Lo()ljg())-

Since the element ¢(z) in the class [g(z)] is distinguished, the fiber
(7, [Lg(x)]) can be identified with the fiber (z, Ly(,)). One can therefore
define an isomorphism ® of complex bundles by :

~

¢ : Lys — p'L
Cel, — g(:p)-(é(p*i/)

T

Clearly ®*h = h. Now let V be the Chern connection of the trivial
Hermitian bundle (Ljxqs, ). Its curvature is :

RV =3 1o Rp*@ o ®.

Since the bundle is a complex line bundle, one has :

RY = R”"Y = ip*wyeq.
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Theorem 2.34 The 2-form p*wyeq on M? satisfies ip*wyeq = ddCIA(,
where for every v € M3,

R(r) = K(g() -7) + 5log [x (o))

M Proof of Theorem 2.34 :
The cugvature of the Chern connection of the Hermitian line bundle
(L5, h) is given by:

1 _
R = dec log h(o,0),

where o is the canonical section. Moreover:

ho,o) =h(g(z)-0, g(z)-0) = |x(g(x))|>h(o,0).

Thus:
P Wrea(x) = —%ddC log | x(9(z)) | 2h(o,0) = dd°K ( g(z)-x ) + %ddC log | x(g(z)) |

3 An Example of hyperkahler quotient
of a Banach manifold by a Banach Lie

group
3.1 Notation

Let us summarize the notation used in the remainder of this paper.

H will stand for a separable Hilbert space endowed with an orthog-
onal decomposition H = H, @ H_ into two closed infinite-dimensional
subspaces. The orthogonal projection from H onto H (resp. H_)
will be denoted by p4 (resp. p_). The restriction of p4 to a subspace
P will generally be denoted by pri and the space P be specified.

Given two Banach spaces E and F', the set of Fredholm operators
from E to F will be denoted by Fred(E, F'), the Hilbert space of
Hilbert-Schmidt operators from E to F will be denoted by L?(E, F),
the Banach space of trace class operators from F to F by L'(E, F),
and the Banach space of bounded operators from E to F' by B(E, F).
The argument F' in the previous operator spaces will be omitted when
F=F.

The set of self-adjoint trace class operators on a complex Hilbert
space E will be denoted by S'(E), and the set of skew-Hermitian
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trace class operators on E by A'(E). Similarly, S?(E) will stand
for self-adjoint Hilbert-Schmidt operators on E, and A?(E) for skew-
Hermitian Hilbert-Schmidt operators on E.

The unitary group of H will be denoted by U(H) and the identity
map of a Hilbert space E by Idg. Ran(A) will stand for the range of
an operator A and Ker(A) for its kernel.

3.2 Introduction

The restricted Grassmannian Gr,.s of H, studied for instance in [3§]
and [50], is defined as follows:

Grres(H) = { P closed subspace of H such that pry : P — H; € Fred(P, H)
pr— :P — H_e€L*PH.)},

where pri denotes the orthogonal projection from P to Hi. The
space Gryes is a Hilbert manifold and a homogeneous space under the
restricted unitary group:

ures = { < g+ Ul—;Jr ) € U(H) | U*Jr € LZ(H*7H+)7 UJr* € L2(H+>H*) }
+_ —

Note that the stabilizer of H, is U(Hy) x U(H-). The space Gryes

is a strong Kéahler manifold whose Kéahler structure is invariant under

Ures. The expressions of the metric gg,., the complex structure I,

and the symplectic form wg, at the tangent space of Gr,.s at Hy are :

gGr(X7Y) =R Tr X*Y
Ig,Y =1iY
wer(X,Y) = gGr(iXa Y)=3Tr X'Y,

where X and Y belong to the tangent space Ty, Gr..s which can
be identified with L?(Hy, H_). Two elements P and P of GTyes
are in the same connected component Gris, (j € Z), if and only if
the projections jm“}r :Pp — Hy and pri : P, — Hy have the same
index j. In particular Gr?,, denotes the connected component of G7;.s
containing H .

The aim of this Section is to construct a hyperkahler quotient
whose quotient space will be identified with the cotangent space of
G0, in Section 4. This will make T'Gr?,, into a strong hyperkihler
manifold. In Section 5, the same quotient space will be identified
with a complexified orbit of Grl,,, which will therefore carry a hy-
perkéhler structure in its own right. Since all the constructions that
follow can be carried out substituting an arbitrary element of another

connected component Gri.s for H, and its orthogonal for H_, it will
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follow in particular that the cotangent space of the whole restricted
Grassmannian is strongly hyperkéahler and that it can be identified
with the union of the complexifications of all connected components
Gries. The latter union is nothing but the orbit of p; under the ac-
tion by conjugation of the (non-connected) group GL,es which is the
complexification of Uyes. In other words, T'Grres >~ G Lyes Do

3.3 A weak hyperkahler affine space T'M;
For k € R*, let M}, be the following affine Banach space :

A@::{x:<i+>eBGuJD|14—I®u€L%HQHL€L%H%HJ}.

Then My, is modelled over the Banach space L' (H, Hy)x L>(H, H_).
The tangent space of My,

TMy={ (z,X)e Myx B(H{,H) | ppoXeL'(Hy), p-oXel*HyH)},

injects into the continuous cotangent space T' My of M, via the ap-
plication :
(, X) — (z,(Y — Tr X*Y)).

Thus T Mj, inherits a structure of weak complex symplectic manifold
with symplectic form §2 given by

Q((Z1,Th) ;(Z9, 1)) = Tr (17 Z2) — Tr (15 Z1),

where (Z1,T1) and (Z2,T2) belong to T(, x)(TMy,). We will denote by
wo and ws the real symplectic forms given respectively by the real and
imaginary parts of . Besides, from the natural inclusion of L'(H )
into L2(H), it follows that T M), admits a natural weak Riemannian
metric whose expression is

g(LX) ((Zl,Tl) s (ZQ,TQ)) =R Tr ZTZQ + R Tr TI*TQ

where (Z1,T1) and (Z2, T») belong to Tie,x) (T My,). The complex sym-
plectic form €2 and the Riemannian metric g give rise to a hyperkahler
structure on T'Mj, with complex structures :

L(Z,T) = (iZ, —iT)
L(2,T) =(T,-2)
I3(Z,T) = (iT,iZ).

The real symplectic form associated with I is given by

w1 ((Z1,Th) ;(Z2,T2)) = (I1(Z1,Th) 5 (Z2,T5))
7y — S Tt Ti .

(z,X) (
Tr 7

&%
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3.4 Tri-Hamiltonian action of a unitary group

G

Let G be the following Banach Lie group of unitary operators :
G :=UH,) N { d+L'H}.

The Lie algebra g of GG is the Lie algebra of skew-Hermitian operators
of trace class. We will denote by GC the complexification of G :

Gt =GL(Hy) n { 1d+ L' (Hy) },
and by g€ its complex Lie algebra g @ ig. The group G acts on T M,
by
u-(z,X):=(zou™!, Xou™),
for all v in G and for all (z, X) in T'Mj. This action extends to an
I -holomorphic action of G€ by

g (@, X):=(zog™", Xog"),
for all g in GC and for all (x, X) in T My,

Proposition 3.1 The action of G¢ on TMy, is Hamiltonian with
respect to the complex symplectic form Q, with moment map uC :

put o TMp — (g%
(,X) +— (a— Tr (X*za)).
O Proof of Proposition 3.1:
Let us check that uC satisfies:

(d/ﬁg,x) ((Zv T)) ) a) = icv(x,X)Q ((Za T)) )

for all (Z,T) in T(, x)Mj, and for all a in a®, where (, ) denotes the
duality pairing and where a - (z,X) = (—z o a, X o a*) is the vector
induced by the infinitesimal action of a on (x, X). One has :

<du((%,7X) (Z,T)),a) = Tr (X*Z+T*z)a) = Tr (X*Za+ T*za)
= Tr (aX*Z) — Tr (T*(—zoa)) since a € L*(H)
=Tr (Xoa")*Z)— Tr (T*"(—xoa))
= i(—zoa,x0a")2 ((Z,T)).
O
It follows from Proposition 3.1 that the real symplectic forms wo
and ws are Hamiltonian with respect to the real moment maps :
pr =R TM —
(z,X) (a»—> % Tr (X*z — 2*X) a)

ps = S(u) : TMy g

(2, X) — (ar -1}

P Tr (X*z+a*X)a)
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Proposition 3.2 The action of G on T My, is Hamiltonian with re-
spect to the real symplectic form wy with moment map :

po TMp — ¢ A
(z,X) — (a— =% Tr (z"z— X*X)a).

O Proof of Proposition 3.2 :
One has to check that uq satisfies :

<(du1)(aj7X) ((Z7 T)) ) Cl> = i(—xoa,—Xou)wl ((Za T)) )
for all (Z,T) in T(, x)M}y and all a in g. One has :

((dp1) (2, x) (2, 1)) ,0) = —5 Tr (Z*za+2*Za)+ 5 Tr (I"Xa+ X*Ta)
= L Tr (Z*(—zoa)—az*Z) — L Tv (T*(—X oa) — aX*T)
= 5 Tr (Z*(-zoa)— (zoa”)Z) — 5 Tr (I"(-Xoa)— (Xoa")T)
— T (Z(~w0a)— (—zoa)'Z) — & Tr (I"(~X 0a) — (—X 0a)'T)
= Q3Tr (—zo0a)*Z —3Tr (—X oa)*T

- i(—xoa,—Xoa)wl ((Za T)) :
g
In the following, we will denote by p the g’ ® R3-valued moment map
defined by:
pw: TM, — goR3
(va) = (,ul(x7X) ’ MQ(va) ) ,U,3($,X) )
In the next Subsection we will consider the Ad*(G)-invariant value

&= (—%kQ Tr , 0, 0) of the moment map p and the level set:
Wi o= 1" (&)

3.5 Smooth Banach manifold structure on the
level set W,

This Subsection is devoted to the proof of the following Theorem :

Theorem 3.3 W, := u~! ((f%kz Tr, 0, O)) s a smooth Riemannian
submanifold of T M.

We will prove that & = (—%kQ Tr , 0, 0) is a regular value of the
moment map u. For this purpose we will need the following fact,
which will be useful in other parts of the paper, so that we single it
out here :

Lemma 3.4 Let B be a Banach space which injects continuously into
a Hilbert space H. Let F be a closed subspace of B and F its closure
in H. If the orthogonal projection of H onto F maps B onto F, then
F admits a closed complement in B which is F+ N B.
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A Proof of Lemma 3.4:
Since the orthogonal projection p of H onto F maps B onto F, B is
the algebraic sum of F and F+ N B. Since B injects continuously
into H and p is continuous, the projection from B onto F' with respect
to F+ N B is continuous. Hence

B = Fo(Ft n B)
as a topological sum. A

B Proof of Theorem 3.3:
Consider the following smooth map of Banach manifolds

F TMk S LI(H+)><81(H+)
(z, X) — (X*z, x*z — X*X),

‘We have:

dexyF ¢ Tax)TMy — L' (Hy) x Si(Hy)
(Z,T) — (X" Z+ Tz, 2+ Z*x — X*T —T*X).

The level set W is the preimage of (0, k?) under F. To prove that W
is a smooth Banach submanifold of 7'M}, it is sufficient to prove that
the differential of F at a point (z, X)) of W), is surjective and that its
kernel splits.

. For this purpose consider the following decomposition of H:

H, = Ker X & ( Ker X)*. (4)

The operator x is a Fredholm operator hence it has closed range, and
X is a compact operator. The equality X*x = 0 implies that the
range Ranx of x is orthogonal to the range Ran X of X. From the
continuity of the orthogonal projection of H onto Ran z it follows that:
Ranz 1 Ran X. Let us introduce the following decomposition of H:

H = Ran X®( Ran X)tN( Ran z)*® Ran T Ker x Ran @) o, xo-
(5)

With respect to the decompositions (4) and (5) of Hy and H into
closed subspaces, x and X have the following expressions :

0 0 0 Xio

0 0 0 0
P75 oz 0 X=1o o |’

0 0 0

where x31 and x42 are continuous bijections, thus isomorphisms, and
where Xj9 is 1-1 but not onto. Let (Z,T) be a tangent vector to
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TM; at (x,X), and denote by (Zij>1§i§4,1§j§2 and (Tij)1§z§4,1§j§2
the block decompositions of Z and T" with respect to the direct sums
(4) and (5). Note that :

T* 31 T* 492
X'Z+ Tz = 31 4 ,
< X1oZn + Tixsr Xi9Zig + Tjhxar

and that *Z + Z*x — X*T — T* X equals :

31231 + Z3,%31 31232 + Zj1x42 — T X2
Thola1 + Zagxzr — X{9T11  TheZas + Zjowan — T X12 — X512

. To show that the differential of F is onto, consider an element
(U, V) of Ll (H+) XSl (H+) and denote be (Uij)lgi,j§2 and (‘/Yij)lgi,j§2
the block decompositions of U and V with respect to the direct sum
Hy = Ker X @ ( Ker X)". A preimage of (U, V) by d(, x)F is given
by the following ordered pair (Z,T):

0 0 0 0

7 0 0 T 0 0
= 1 _—1x 1 .—1x = —Ixyprx — k7%
?55311 Vi ?95311 Via 95311 Uty I311 U3
—1x* —1x* —lxyrx —L*yrx
2Ty Vo1 5%y Voo Ty Uy 245 Usy

. Let us now show that for every (x, X) in W, the kernel of the
differential d(, x)F splits. It is given by the following subspace of
T(m7 X)Mk: :

TaxyWi = {(Z,T) € Tux)TMy, | X*Z+T*c =0, 2" Z+Z*c = X*T+T*X }.

Consider the space L?(Hy, H) x L?(H,,H) endowed with the com-
plex structure [(Z,T) = (iZ, —iT) and the strong Riemannian metric
g given by the real part of the natural Hermitian product. Let F be the
closure of T{,, x)Wj, in L?(Hy,H)xL?(H,, H) and E'# its orthogonal
in L*(Hy,H) x L*(H,, H). By Lemma 3.4, to show that T(, x)Wy is
complemented in T{, x)(T'My), it is sufficient to show that the orthog-
onal projection of L*(H, H) x L*(H, H) onto E maps T(, x)(TMj)
onto T, x)Wk. An ordered pair (Z,T) € L*(Hy,H) x L*(Hy, H) is
in F if and only if Z and T are of the following form:

Z11 Z12
7 _Z12*1 299
1‘31 aq Zgg
‘TZzl*(szTll — Z35731) xlzl*(%(XﬁTH + 175 X12) + ag)
T Tho
T Too
T = — L% * 9
0 —a3 75 X9
0 —x5%75HX10
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where a; (resp. az) is an element of the space A%( Ker X) (resp.
A? (( Ker X)) of skew-Hermitian Hilbert-Schmidt operators on Ker X
(resp. on ( Ker X)*). An ordered pair (Z,T) € L>(H, H)xL*(H, H)
is in E1e if and only if Z and T have the following form:

—1 —1 1
XioTpwsg " X1oTjhzys ™ —X10wyy Z41 —X1282
7 0 0 T 0 0
- . _
3151 rn 2%y T3 T2 ’
a1 4252 Ty Tyo

where s (resp. 8g) is an element of the space S?( Ker X) (resp.
8% (( Ker X)*) of self-adjoint Hilbert-Schmidt operators on Ker X
(resp. ( Ker X)1). We will denote by (pg(Z), pr(T)) the orthogonal
projection of an element (Z,T) € L?(H,,H) x L?>(H, H) to E, and
(pE(Zij))1<i<a,1<j<2 (resp. (pp(Tij))i<i<a,1<j<2 ) the block decom-
position of pg(Z) (resp. pg(T)) with respect to the direct sums (4)
and (5). Then pg(Z) and pg(T) are given by :

pE(Z11) pE(Z12)
Z21 ZQQ
7)) = e
pe(2) 3(Z31 — 23, Z3,231) PE(Z32)
1 —1% /1 * %
pe(Za) 325 (3 (XiapE(Ti2) + pp(Ti2)* Xi2) + a1)
pe(Ti1) pE(Ti2)
T by
T) = L )
pu(T) 0 _55311 (PE(Z11))* X12
0 —255  (pE(Z12))* X12
with

pE(Zut) = 5(Zay + ahy " Zirs — 135" X Tho)
) = Zsz — x31pE(Zn) g
pe(Ti) = Tiy + X127 5 pe(Za1)

(

a1 = 3(259 240 — Zjpxa2) + 5 (X3o (Th2 — pe(Ti2)) — (Ti2 — pe(Ti2))* Xi2) -

Denoting by p+ the orthogonal projection of H onto H, let us prove
that p+ opp(Z) and p4 opg(T) are of trace class whenever p4(Z) and
p+(T) are of trace class. Let

Py = P11 P12 P13 P14
* P21 P22 D23 P24

be the decomposition of p; with respect to the decompositions (5) of
H and (4) of Hy.. For (z, X) € W, the operators p11, p12, p1a, p21, P22, P23
are of trace class, as well as pi13 — xgll and pag — xbl. The condition
pi(Z) € L'(H,) implies that Z31, Z32, Z41 and Zyo are of trace class.
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It follows that pg(Zs2) and pp(Z41) are of trace class, as well as a;.
Hence p4 o pp(Z) is of trace class. On the other hand, pi1, p12, p21
and poy being of trace class, the condition py(7T) € L'(Hy) implies
that py o pp(T) is of trace class. Thus we obtain the following direct
sum of closed subspaces :

Tl ) (TM) = T 3y Wi © (B2 0 T 30 TMy.)

and the Theorem follows. [ |

3.6 Hyperkahler quotient of T M, by G

In this Subsection we will prove that the assumptions (D) and (S) of
Subsection 2.3 are satisfied, as well as the following Theorem.

Theorem 3.5 The hyperkdhler quotient of the weak hyperkdhler space
T My, with respect to the tri-symplectic action of G provides Wy /G
with a structure of strong hyperkahler smooth Hilbert manifold.

For the remainder of the paper, we will denote by (gcq, 174, 1567, 154, wred wred red)
the hyperkahler structure induced by T'Mj on the reduced space
W /G.

B Proof of Theorem 3.5:

. Let us first show that the quotient space W), /G endowed with
the quotient topology is Hausdorff. Since G acts freely on Wy, by
Propositions 2.5 and 2.6, it it sufficient to prove that the graph C of
the equivalence relation defined by G is closed in Wy x W, and that
the canonical application from C to G is continuous.

Note that, for all (y,Y’) in W), the operator y is an injective Fred-
holm operator from Hy to H, thus establishes an isomorphism be-
tween H, and its (closed) range. We will denote by ~! the inverse
operator of y, and extend it to an operator from H to H by demand-
ing that the restriction of y~! to the orthogonal complement of Ran y
vanishes.

Let us remark that the canonical map from the graph C to G
assigns to an ordered pair ((z,X), (y,Y)) the element g = y~'z. It
is continuous with respect to the topology of C inherited from the
topology of Wy x W, and the topology of G induced by the L'-norm
on Id+ L'(H,).

Let { (zn, Xn); (2n 0 g7%, X, 0 g, ') } be a sequence in C which
converges to an element ((z, X); (y, Y)) in Wy x Wy. The sequence
{ 9.t = 2, o (2, 09,1) } is a sequence of elements of G which
converges to the element x='y in Id + L'(H,). Since G is closed
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in Id + L'(H,), it follows that !y is in G and that C is closed in
Wk; X Wk.

. By Theorem 2.22, for Wy, /G to be hyperkahler, it is sufficient to
have the following topological direct sum, referred to as (D) :

(D) T(J:,X)G'(xv X) ® (T(x,X)G(xa X))J_g = T(J:,X)Wk

For this purpose, we will use Lemma 3.4. Let us again consider the
space L?(Hy,H) x L?>(H, H) endowed with the complex structure
I(Z,T) = (iZ,—iT) and the strong Riemannian metric g given by the
real part of the natural Hermitian product. Let E (resp. F') be the
closure of T(,, xyWj (vesp. T(, x)G- (2, X)) in L*(Hy, H)x L*(Hy, H).
We will show that the g-orthogonal projection of F onto F maps
T, x)Wk onto T(, x)G-(x, X). The orthogonal of F' in E is the set of
ordered pairs (Z,T) € L?(H,,H) x L*(H,, H) of the form :

Z11 Z12 T T2

7 Za1 X 229 Lo 15 by
0wy THhXw | 0 —a3"Zf X1z
0 2y TihXi 0 iy ' ZHh X

The orthogonal projection of E onto F' maps an ordered pair (Z, T') €
FE having the following block decompositions with respect to the direct
sums (4) and (5)

Z11 Z12
7 _Z12*1 Z99
3731 aq Zgg
szl*(szTll — Z35731) %le*(%(XfQle + 175 X12) + ag)
T Tho
151 Too
T = el
0 _$311 Z11X12
0~ ZfHX

to an ordered pair (pg(Z), pa(T)) with decompositions

0 0
0 0
Z)= *— * * -1, .—1x
pa(Z) T31 ' —z31 (T X2 — 1331Z32)9342117421
T (X3 Ti — Z3yw31) —T400
Xty w, " (Xt T — Zigxs) —Xioa
0 0
pc(T) = 0 0 ,
0 0
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where a satisfies :

1 * * * *
as + 5(X12T12 — T12X12) = ]€2Cl — (.%'42l‘42l1 + CL’L‘42$42). (6)
Let us show that the projection pg from E to F maps an element of
T(%X)Wk into T(I,X)G~($,X). Let

D _<p11 P12 P13 p14>
* P21 P22 P23 P24

be the expression of the orthogonal projection onto H with respect
to the direct sums (5) and (4). For (x,X) € W}, the operators
P11, P12, P14, P21, D22, P23 are of trace class as well as pi3 — xgll and
po4 — T35 . The condition p, (Z) € L'(H,) implies in particular that
a1, Z32 and ag are of trace class. To conclude that pg maps T(, x)Wk
into T, x)G(w, X), it remains to show that a defined by Equation (6) is
of trace class. This will follow by lemma 3.6 below. As a consequence,
py o pa(Z) and p, o pe(T) are of trace class. Hence, F'te N T, x)Wh
is a closed complement to T, x)G(z, X). Since g is the restriction of
g to T, x)Wk, it follows that :

T(aJ,X)G(x’X) D (T($,X)G'(‘T7X))J_g = T(a:,X)Wk’

Lemma 3.6 The map &,,, defined by

Enpy + L?(( Ker X)*) — L*(( Ker X))
a — k%0 — (257420 + axfema2).

is an isomorphism which restricts to an isomorphism of L (( Ker X)L).

A Proof of Lemma 3.6 :
Indeed, x}5242 is a self-adjoint positive definite operator on the space
( Ker X)* satisfying

Thorsnr = k2 1d 4 X719 X12,

where X{, X2 is a compact operator. It follows that there exists
a diagonal operator D with respect to an orthogonal basis {f;}ics
of ( Ker X)*, and a unitary operator u € U (( Ker X)) such that
Tyota2 = u D u*. Denote by D; the eigenvalues of D. Remark that
D; > k2. Tt follows that the equation

k’a = TYoT420 + AT oT42
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is equivalent to
Fu' au=uv"auD+Du au,
and implies in particular that, for every ¢ and j in J, one has :

K (" aw)(f;), fi ) =(Dj+Di) ( (" au)(fy), fi).

From (D; + D;) — k* > k?, we get that ( (u* a u)(f;j), fi ) = 0 for
every ¢, j € J. Thus Ker &,;,, = 0. To see that the map &,,, is
surjective, consider an element V in L?(( Ker X)1), and define an
operator a € L?(( Ker X)) by :

- 1

a(f), ;)=
The operator v a u* is a preimage of V' by &,,,. Moreover if V €
LY(( Ker X)1), then u a v* € L'(( Ker X)*). Since &,,, is clearly
continuous, it follows that &,,, is an isomorphism of L?(( Ker X))
that restricts to an isomorphism of L'(( Ker X)1). A

(W Vu)(f), fi)-

Proposition 3.7 For every (x, X) in Wy one has :
TwxyMie = Tux)G-(2,X)® Hy x) @ I (T x)G-(z, X))

ol (T x)G- (2, X)) ® I3 (T4, x)G- (2, X)),
where H(, xy is the orthogonal of T(y x\G (v, X) in T(y x)yWhk-

O Proof of Proposition 3.7:
With the previous notation, it follows from the proof of Theorem
3.3 that the orthogonal projection from L?(H,,H) x L*(Hy, H) to
Tz, x)Wik with respect to the strong Riemannian metric g takes T, x) Mg
to Tz x)Wk. It also follows from the proof of Theorem 3.5 that the
orthogonal projection from T, x)Wi to T(, x)G (v, X) with respect
to g takes T, x)WW) onto T(LX)G-(.’L', X). Now let us remark that the
complex structures I, j = 1, 2, 3, extend to complex structures of
L*(Hy,H) x L*(H, H) by the same formulas, making L*(H, H) x
L?(H,,H) into a hyperkihler space. Since, for j = 1, 2, 3, the com-
plex structure I; fixes T{, x)M} and is orthogonal with respect to
g, it follows that for j = 1, 2, 3, the orthogonal projection from

L*(Hy,H)xL?*(Hy, H) onto I (T(%X)G-(:B, X)) takes T{,, x)M} onto
I; (T(LX)G-(;U, X)). Hence, from the orthogonal sum

LZ(HJMH) X LQ(HJHH) = T(cc,X)G(xwX) ©® H(x,X) ®hL (T(w,X)G(x7X)>

ol (T x) G2, X)) @ Is (T x) G2, X) )
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it follows that
TwxyMie = Tux)G-(2,X)® Hy x) @ 11 (T x)G- (2, X))

ol (T x)G- (2, X)) ® I3 (T4, x)G- (2, X)) .
|

4 A l-parameter family of hyperkahler
structures on the cotangent bundle of
the restricted Grassmannian

4.1 The stable manifold W,‘zl associated with
the complex structure I;

Recall that the complex Banach Lie group G¢ := GL(Hy) N { Id+
L'(H,) } acts I1-holomorphically on T M, by
g-((z, X)) = (wog~ ", X 0 g"),

for all g in G, and for all (z,X) in TMy. Let W;' be the stable
manifold associated with W, with respect to the complex structure
I, i.e. the union of GC-orbits (for the above action) intersecting
W. Since by Proposition 3.7, assumption (S) is satisfied, one has the
following Corollary of Lemma 2.24 and Theorem 2.25:

Corollary 4.1 The space Wi is a Ii-complex submanifold of T My,
and the quotient space )/V,‘zl/G(C is a smooth complex manifold. The
map from Wi/G to Wi /GC induced by the natural injection of Wy
into Wi is an Iy -holomorphic diffeomorphism. O

In the following Proposition we give an explicit characterization of the
stable manifold W;' and we compute the projection :

Qs Wit = W
(z,X) — a(@ X)) = g@x) - (@ X).

defined by Proposition 2.19.
Proposition 4.2 The stable manifold W' is the set

{(z, X) € TMy, such that X*x =0 and = is one-to-one},
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and, for all (x, X) in Wi', the unique element g, x) of expig such
that g(z xy - (z,X) belongs to Wy, is defined by

NI

4 Loy ni)2
IdH++ﬁ(x )2 X*X(z*z)2 ) (

_ K2, . 4 K,
) = (2@ x) T+ - (@72)

O Proof of Proposition 4.2 :
Let A be the set of elements (x, X) in T My, such that X*z =0 and
x is one-to-one. Let us show that W;* C A. Consider (z,X) € W;*
and g € GC such that g - (2, X) € Wy. We have:

(Xog)(zog™)=gX ag' =0

If g71 = |g|~t.u~! denotes the polar decomposition of g—!, the equal-
ity:

(zog ) (zog™) = (X og") (X 0g") = K Idu,,
reads:

lg| "t zlgl ™t — 9| X" X|g| = K*Idp. .

Thus |g|'z*z|g|™! = k*Idpu, + |g9|X*X|g| is a positive definite self-
adjoint operator. Since |g|~! is an isomorphism, the same holds true
for z*z. It follows that = is one-to-one.

To see that A C W;!, consider an element (z,X) of A. We are
looking for a positive definite self-adjoint operator g, x) such that :

g(_:cTX)x*wg(—x%X) - g(x,X)X*Xg(g;,X) = kQIdH+.

The operatlor x being one-to-one, x*x is positive definite and its square
root (z*z)2 is an invertible operator on H.. Hence it is sufficient to

find a positive definite operator v := (x*x)%g(_z%x) such that:
7y =9 @ XK ()i = Ky,
& (") K (") — (@0) s X" X ("2)2 =0

The unique positive definite solution of the latter equation is :

. K 4 o, 12
=5 Idy, + IdH++ﬁ(ar )2 XX (x"x)2 .

Therefore X X

0ty = @) @) @
is positive definite and self-adjoint, and its square root satisfies the
required condition. O
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4.2 Identification of W;'/G® with the cotan-
gent space T'Gr?

s Of the restricted Grassmannian

In this Subsection , we will use the following Theorem to identify the
complex quotient space W' /G with the cotangent bundle T'Gr0,,
of the connected component Grl,, of the restricted Grassmannian.

Recall that Ran x denotes the range of an operator .

Theorem 4.3 The map ¥ defined by

vooWr — T'Gro

Tes

(z,X) +— (Ranuz, kl—onX*)

is an I1-holomorphic submersion whose fibers are the orbits under the
I, -holomorphic action of the complex group GE on Wit € TM;,.

B Proof of Theorem 4.3:

. For (z, X) in W;', the range P of z is an element of Grl,, since
p+ oz belongs to {Idy, + L'(Hy)}, thus is a Fredholm operator with
index 0, and p_ o x is a Hilbert-Schmidt operator. Furthermore the
condition X*x = 0 implies that the restriction of n := k%a; o X* to
P vanishes. Thus 7 can be identified with an element of L?(P*, P)
which is the cotangent space of Gr0 _ at P.

Tes

. Let us check that ¥ is onto. For P in Grl,,, denote by zp the
operator from H, to H whose columns are the vectors of the canonical
basis of P as defined in [38]. Then k xp is in My, (see [47] for the details
of this affirmation). On the other hand, for every V € L2(P*, P), the
operator X defined by X :=k%* V*o 9:}_1 (where zp is viewed as an
isomorphism between H, and P) satisfies k%:np o X* =V and is an
element of L?(H,,P+). Moreover, since p_ : P — H_ is Hilbert-
Schmidt, p, : P+ — H, is also Hilbert-Schmidt and it follows that
pyoX € LY(Hy). Thus ¥ ((kzp, k2 V*oxp ) = (P, V).

. Let us show that two elements (21, X;) and (x2, X2) in W, have
the same image by ¥ if and only if they are in the same orbit under
GC. We have:

Ran 21 = Ran 29 < 19 = 21 og_1 for some g_1 S GC,
thus :
x90 Xy =x10X] =x909g0X],

which is equivalent to : Xo = Xj o g* since xo is one-to-one.

. Let us explicit the differential of ¥ at (z, X). Denote by P the
range of x, by Up C Grl., the open subset of elements P’ € Grl,,
such that the orthogonal projection of P’ onto P is an isomorphism
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and by pp the chart from Up onto L?(P, P+) which maps P’ to the
unique element U in L?(P, P') whose graph is P’. Let

(Z, T) € T(%X)W;zl

and

(z(t), X(t)) € C* ((—e,€),Wh)

be such that : .
#(0) = Z and X(0) =T.

Denote by (U(t), V(t)) the curve ¢ o ¥((z(t), X (t)). Since
Ran z(t) = Ran (Idp + U(t))
and since U(0) = 0, there exists g(t) € C'((—e, €), G®) such that
z(t) o g(t)™t = Idp + U(t) and x(0) 0 g(0)~! = Idp.

Considering the decomposition of H into P @ P*, one has : g(t) =
prpox(t), where prp denotes the orthogonal projection onto P. Thus
U(t) = prpLoz(t)o (prpox(t))~! and

d _
ol ) =preLoZox(0)7"
Moreover one has V(t) = k%prp ox(t)o X(t)‘*PJ_ and

d 1
— = — Z)o X* )").
GV (= 3 (rp(Z) 0 X" a0 prnu (1))

Therefore

1
dppodW(, x((Z,T)) = (Wm 0 Z oty S (rp(2) 0 X't o pm(T)*)).

It follows that :
dopod¥(; x)(11(Z,T)) = idpp o d¥, x)((Z,T))

thus ¥ is I-holomorphic. Furthermore dpp o dV(, x) is surjective,
a preimage of (U,V) € L?(P, P*) x L?>(P+, P) being given by (U o
x, k2V*2*~1). At last, from the above considerations it follows that
the kernel of d¥(, x) is the tangent space of the GC-orbit G- (z, X),
which splits by Proposition 3.7. |
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Corollary 4.4 The quotient space VV/,?/G‘C is 1.somorphic as a smooth
complex manifold to the cotangent space T'Gr%,, endowed with its nat-

ural complex structure via the following isomorphism

U o V\/]‘:l/G(C — T'Gr°

res

[(z,X)] +— (Ranuz, k—lzx o X*).

Hence T'Gr0,, carries a 1-parameter family of hyperkihler structures

indexed by k € R*.

Remark 4.5 By exchanging H; with a subspace of another con-
nected component of Gr,.s, we obtain the cotangent space of every
connected component of Gr,.s as a hyperkahler quotient.

By restriction to the zero section of the tangent space T M} one
deduces from the previous Theorem the following result, which has
been, as already mentioned in the Introduction, partially obtained by
T. Wurzbacher (cf [51]) :

Corollary 4.6 For every k € R*, the connected component Grl,, of
the restricted Grassmannian is diffeomorphic to the Kahler quotient
of the space My, by the Hamiltonian action of the unitary group G,
with level set

{zeMy, "z = K> Id}.

4.3 The Kahler potential K; of T'GrY

res

The hyperkahler manifold T M, admits a globally defined hyperkéahler
potential, i.e. a Kéahler potential with respect to all complex struc-
tures, which has the following expression :

K: TM;, — R
(z,X) — 3 Tr(z*z+ X*X — k*Id).

0
res

The theory of Subsection 2.4 applied to the particular case of T'Gr
yields the following Theorem :

Theorem 4.7 For all % € N*, the 2-form \I/*w{ed on Wil satisfies
iU*wied = dd Ky, where for all (v, X) in Wi,

k2 ¥ ]{:2 ’Y’Y* k}2 'Y'Y*
Ky ((z, X)) = Zlogdet <kz2>+2 Tr < T Id>—4 Tr <log 2 ),

1
with yy* = % <IdH+ + (IdH+ + A (zra)2 X*X(x*;c)%) 2> :
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B Proof of Theorem 4.7:
By Theorem 2.34, one has :

1
Ki(,X)) = K (900) (X)) + 5108 | 2 (9000
Since gz x) X X g(z,x) = g(;}X)a:*xg(;%X) — k2 1d, one has :

K (g(xVXy(ac,X)) = % Tr (g(;%x)x*:vg(;%x) + 902, x) X X g2, x) — k2 Id)

1 —1 * —1
=5 Tr (g(I7X):1: TG x) k2 Id) .

Thus, after conjugation by g(_le) :

k2 o Tz
K (.g(.t,X)'(‘T?X)) = ? Tr <g(an)]{72 - Id> )

and by (7)
— * x \—1 PSR,
Yy @'x = (") 297" (27 7).
After conjugation by (x*a;)_%, we have :

]‘J2 ,.Y,.Y*
K(g(w’X).(x,X)) =3 Tr < T Id) )

On the other hand,

k2
ploglxiz (9x)) I = —5log (det (g(;?x)l)) ’
= —% log det (z*z)” 2 yy*(x*x)

= % log det (Ik—f) - % log det (Wki;)

[N

Furthermore, the operator

1
L 1 LIV S B
A = 2 —Id:2<<1d +I&(x:6)2XX(a::1:)2> —Id)

is self-adjoint positive and of trace class. Thus :

yv* yY*
logdet<k2 ) = Tr log( 2 >
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Proposition 4.8 For every %2 € N*, the 2-form U*wi® on Wit sat-
isfies 1W*wie? = dd Ky, with :
- 1d)

N[

Ky ((2,X) = %logdet (2£) + £ T (( Id +4V*V)
— Trlogh (1d + (14 +4V7V)?)

where V* = 5x o X* is the image of the class [(x,X)] under the

identification U : W' /GC — T'Gryes given by Corollary 4.4 .

O Proof of Proposition 4.8:

Since : )
71 4 )
2 =5 (Id+ <Id+ EMX X|x\) ) ,

the operator 7]%2* is conjugate to :
3 Id + { Id + ﬁxX Xz .

T (3 - 1d) =3 T (log %) = T ((1d +4V°V)? - 1d )

Hence one has :

~3 T log} (1d + (14 +4v7V)

d

4.4 The Kahler potential K; as a function of

the curvature of Gr?,,

Theorem 4.9 The potential K1 has the following expression in terms
of the curvature :

k> T
(e, X)) = “p ogdet () 4 e (F(1 Ry V.V,

with V = X 02* and f(u) = & (VIFu— 1~ log M)

B Proof of Theorem 4.9:
The Grassmannian Grl,, is a Hermitian-symmetric orbit of the con-
nected component UY, . of the restricted unitary group. Its curvature

is therefore given by (see [46]) :

RxyZ=YX"Z-2Y*X +ZX"Y - XY*Z,
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for all X,Y,Z € TpGr?,,. The operator Ry, v,y acts on TpGro, by :

res*
th’vY = —Qi(VV*Y + YV*V)
It follows that :

gar(LlRvyV, V) =2R Tr (V*VV*V + V*VV*V) = 4R Tr (V*V)?)
= IR Tr (4V*V)?),

and : ' | |
&Gr ((IIRHV,V)]‘/, V) = R Tr (4J(V*V)j+1)
= IR Tr ((4V*Vv)itl).

Therefore one has :
Ly (( Id +4V*V)? — Id) — 1 Tr log} ( Id + (1d +4V*V)%)
=gar (f(LRLvy)V, V),
with

Fw) = L (ViTu—1—1og i vitu ”21+U>

SRS
A/~

Remark 4.10 The first summand in the expression of K7 is the pull-
back to W;' of the Kéhler potential of the restricted Grassmannian (
defined on the stable manifold M3 of Gr%,,) via the canonical injection

M; — W;t. Note that the Kihler potential of Gr?,, is the pull-back
of the Kahler potential of the complex projective space of a separable
Hilbert space by Pliicker’s embedding. The second summand is ex-
pressed as a function of the curvature of the restricted Grassmannian
applied to the image of an element (x, X) in W;' by the identification

Wit /GC = T'Grl,, given by Corollary 4.4.

5 A 1-parameter family of hyperkahler
structures on a natural complexification
of the restricted Grassmannian

5.1 Definition of the complexified orbit OF of
Grl

res

Let Us(H) be the Banach Lie group U (H)N{Idg+L?(H)}. An element
P of Gr¥,, can be identified with ik?prp, k # 0, where prp denotes the
orthogonal projection of H onto P. Via this identification, the natural

action of U (H) on GrY,, is given by the conjugation. The complexified

Tes
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orbit OF of GrY,, is the orbit of an element P € Gr?,_ under the action
of the complex Lie group GLy(H) := GL(H) N {Idy + L*(H)}. It is
the set of operators z € B(H) whose spectrum is the pair {ik?, 0}
with k # 0, and such that the eigenspace associated with ik? (resp. 0)
is an element of Gr¥,, (resp. of the Grassmannian Gr%_ obtained from

the definition of Grl,; by exchanging the roles of Hy and H_). This
complexified orbit has been introduced in particular by J. Mickelsson

in [32].

Proposition 5.1 The complezified orbit OF of the connected compo-
nent Grl,, defined as the homogeneous space :

OC .= GLy(H)/ (GLy(Hy) x GLy(H_))

is a Hilbert manifold modelled over the Hilbert space L*(H,, H_) x
L?(H_, Hy), diffeomorphic to the open set of Grl,, x GrY, consisting

of all ordered pairs (P, Q) € Grl., x Gr%, such that PN Q = {0}.

O Proof of Proposition 5.1:
Let us denote by e the operator ik%p.,. The stabilizer of ¢ under the
action of GL2(H) by conjugation is GLa(H4) x GLa(H_). The tan-
gent space at € of the homogeneous space GLa(H) - ¢ is isomorphic to
aly(H)/ (gly(H) x gly(H_)) which can be identified with L?(Hy, H_)x
L?>(H_,H,). For g € GLy(H), geg™! = ikarg,H+, where pry.p.
denotes the projection on g.H, parallel to g.H_. Since g belongs
to GLo(H), the orthogonal projection of g.Hy to H_ is an Hilbert-
Schmidt operator, and the orthogonal projection of g.H4 to H; is a
Fredholm operator of index 0. Similarly, the orthogonal projection
of g.H_ to H; is Hilbert-Schmidt, and the orthogonal projection of
g.H_ to H_ is a Fredholm operator of index 0. Thus g.H belongs to
Grl. and g.H_ to Gr}2.. Moreover g.Hy N g.H_ = {0}. O

res*

5.2 The stable manifold W,j?’ associated with
the complex structure I3

Recall that I3(Z,T) = (iT, iZ) for (Z,T) € T(y x)T My, and that the
action of the Lie algebra g on (z, X) € T My, is given by

a.(z,X)=(—xoa,—X oa),

for all a in g. The action -3 of the complexification g€ of the Lie
algebra g on T'Mj, compatible with I3 is defined by

ia-g(z, X) := I3 (a.(z, X)) = (—iXoa, —izoa) = (z, X) < _2a —g’a ) |

44



for all a in g. This action integrates into an Is-holomorphic action of
GC = expig G on T My, also denoted by -3, and given by

explia)u s (2, X) = (zou-l, X oul) ( coshia —sinhia > 7

—sinhza coshia

for all a in g and for all w in G. By Lemma 2.24, the stable manifold
associated'with I3 is the I3-complex submanifold of T My, contained
in p;t (—2k2 Tr )N py (0), defined as

W i={(z,X)eTMy, Jacg, expia-z(z,X)e Wy }.

5.3 Identification of W;*/G* with O°
Theorem 5.2 The map v defined by :

v WeE o - o°
(z,X) — z=i(z+ X)(z*—X")

is an Ig-holomorphic submersion whose fibers are the orbits of the
I3-holomorphic action of G on TM.

B Proof of Theorem 5.2:
. Let us show that 1 takes all its values in OC. Recall that, for
(x,X) € W;?, one has :
'z — X*X =k?>1d and X*r=2"X.
Thus :
(x* — X*)(z+ X) = k% 1d, ®)
(2" + X*)(z — X) = k? 1d.

It follows that Ker (x + X) = {0} and Ker (x — X) = {0}. The
kernel of z is therefore :

Ker z = Ker (2" — X*) = (Ran(z — X))*.
Moreover, since for all v € H :
2((z 4+ X)) = i(z + X) (2" — X*)(z + X)v = ik?*(z + X)v,

the subspace Ran (z + X) is contained in the eigenspace of z corre-
sponding to the eigenvalue ik?. Hence :

Ran(z +X) N Ker (¢ — X*) = {0}.
Further, the projection of H onto Ran (x + X) is given by

p1: H — Ran(zx+ X)
v k—IQ(:E—l—X)(x*—X*)v
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and is continuous. Since Idy — p; takes its values in Ker (2* — X*),
one has
Ran(z+ X) @ Ker (2" — X*)=H

as a direct topological sum. Moreover, for (z,X) € TMj, Ran(x +
X) and Ran(z — X) are elements of Grl,_, thus Ker (z* — X*) =
( Ran(z — X))* is an element of Gr9%,. It follows that 1 takes values
in OF.

. Let us show that the fibers of i are the orbits under the Is-
holomorphic action of G€. Suppose that v ((z1, X1)) = 1 ((x2, X2))
where (z1, X1) and (22, X2) are in W;?. It follows that :

res:

Ran(x; + X;) = Ran(x2 + X2) and Ran(z; — X;) = Ran(zs — X3).

Therefore there exists g € GL(H ) such that (z2+X32) = (z1+X1)og
and ¢’ € GL(H) such that (zo — X3) = (z1 — X1) o ¢’. This implies
that:

200 =a1(9+9)+Xi(g—9)

2Xy =mi(g—9g)+Xilg+9)

Recall that for i =1, 2, zjz; — X[ X; = k2 1d and Xz =27 X;. We
have:

Hrges = X3X5) = (g7 +9")(2f21 = X{X1)(9+ )
/
-d

) )
+(g” )(X1X1 ziz1)(g— 9')
+(g" +g™) (2] Xiz1)(g—9')
+(9" — g’*)(Xlwl —z1X1)(g + ),
i.e.
9'd +9"g=21d,
and
4 X5z —25X2) = (9" — 9’*)($Tl‘1 - XiX1)(g+49")
+(g" + ") (X7 X1 — 2fa1)(9 — 9)
+(g" — 9’*)($“{X1 - X{z1)(g—9')
+(g" + 9")(Xfor — 21 X1)(9 + ¢),
that is :
99 =4"g.
Thus ¢’ = g*~!. Denoting by exp(—ia).u! = g~! the polar decom-
position of g~1, with w € U(H, ) and a € u(H,), it follows that:
xo = xp cosh(ia)u + X sinh(ia)u
Xo = —zysinh(ia)u + X cosh(ia)u.
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Consequently : (w9, Xs) = exp(—ia)u~! - (z1,X1), in other words
(z1,X1) and (22, X2) belong to the same GC-orbit.

. Let us show that ¢ is onto. Let P € Gr%,, and Q € GrY, be
such that PNQ = {0}. Q" is the graph of a Hilbert-Schmidt operator
A: P — Pt and Q is the graph of —A* : P+ — P. Let f be the
map that takes an orthonormal basis {e;};cn of Hy to the associated
canonical basis of P and that takes an orthonormal basis {e_;}ien= of
H_ to the associated canonical basis of P. Denote by ¢ the unitary
element fo|f|~!. Let us remark that g belongs to Us(H) and satisfies :

p+ogm, € ldg, + L*(Hy) as well as p_o gy € Idg_ + L'(H_).
Define :
{ x = k(Idp + 34)ogu,
X = —ngg‘HJr.

One has: Ran (v + X) = Ran (gjz,) = P and Ran (z — X) =
Ran (Idp + A) o gy, = Q. Let us check that (z, X) is an ele-
ment of T M. Denote by :

a b
Iy = <d>

the block decomposition of the identity operator with respect to the
direct sums H = P& P+ and H = H, ® H_, where a (resp. d) belongs
to Fred(P, H,) (resp. Fred(P*, H_) ) and where b (resp. c) belongs
to L?(P+, H,) (vesp. L*(P,H_)). Further, denote by :

. (5] 0

9= 0 us
the block decomposition of g with respect to the directs sums H =
H,®H_and H = P®P'. The block decomposition of g with respect

toH=H, & H_is:
_ auy bug
9= cu; dug

As mentioned above p; o gy, = au; belongs to Idg, + LY(Hy), and
p— o gy = dug belongs to Idy_ + LY(H_). It follows that with
respect to the direct sum H = H, & H_, the operator x has the
following expression :

oo (ab kldp \ - ( kaw + EbAu
~ \cd ka P kews + BdAu )
It follows that:

p+ ox = kauy + gbAul € k:IdH+ + LI(H_,_)
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and .
p-ox = keuy + SdAuy € L*(H,, H).

Similarly,
k
proX = —ZbAuy € LY(Hy)

and L
p-oX = —odAu € L*(Hy, H_).

Hence the ordered pair (z,X) is in TMy. Besides, z*z — X*X =
k*1dp, and X*z — 2*X = 0. It remains to prove that (z, X) € W2,
For this purpose, observe that:

o+ X*X = kK ldy, + EuiArAu

X'z +2"X = —%u’{A*Aul.

The condition expia -3 (z, X) € Wy is equivalent to the following
equation :

coshiao (IdH+ + %u?A*Aul) o sinh ¢a + sinh éa o (IdH+ + %U*{A*Aul) o coshia
+ coshia o (%u{A*Aul) o coshia + sinh¢a o (%u”{A*Aul) osinhia =0,

whose solution is:
a= ilog (Idg, +uiA*Aw) ,

which belongs to A (H).
. The differential of ¥ at an element (z, X') € W;* maps the ordered
pair (Z, T) S T(x7X)W]jS to:

Wex)(Z,T)) =i(Z +T)(a" — X*) +i(z + X)(Z" - T7).

One has di, x)(I3((Z, T)) = id x) ((Z, T)), thus v is holomor-
phic. Let z be in OF, and let P (resp. Q) be the eigenspace of z with
respect to the eigenvalue ik? (resp. 0). Let (U, V) be an element of
L3(P, PY) x L*(Q, Q*). A preimage of (U, V) by dip(, x) is given
by the ordered pair (Z, T) € L?(Hy,H) x L>(H,, H) defined by

U =i(Z+T)(z* — X*)
V=i(z+ X)(Z* —T).

Using equations (8) page 45, one gets :
(Z+T)=—-5Ux+ X)
(Z-T) ==V (- X).
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Hence :

Z =—5U(x+X)=V*(x—-X))

T =—5Uk+X)+Vi(z-X)).
Moreover, for (z, X) € W3, py o Z and p4 o T are trace class opera-
tors. It follows that the differential d¢(, x) is onto. |

Corollary 5.3 The quotient space VV,?’/G(C is diffeomorphic to the
complezified orbit OF via the isomorphism
b WpE/GE — o
(@ X)] = 2=+ X)(a" - X)

5.4 The Kihler potential K3 of T'Gr?

res

From the general theory it follows that:
Y ((z, X)) = dd® K (g3, X)),

where: K((z, X)) = 1 Tr (z*z + X*X — k?Id), and where g3 is the
projection from W;* to Wj. This Subsection is devoted to the com-
putation of the Kahler potential K3 := K o g3 associated with the
complex structure I3 at a point (z, X) of the stable manifold W;* by
the use of an invariant of the GC-orbits. We will use the following no-
tation. The injection of g into g’ given by the trace allows to identify
the moment map pg with the map (still denoted by p3) defined by

Z’ * *
ps ((z, X)) = i(X x+zX).
Define a function u4 by :
1
pa ((z, X)) := §(m*:v + X" X).
We have the following Lemma :

Lemma 5.4 For every (x, X) in W*, one has

Ky (e, X)) = 3 T (4 (. X)) = 4 (2, X))

A Proof of Lemma 5.4:
One has :

N[

- kQId) .

ps (expia-g (xr, X)) = coshiao pug((z,X))osinhia+ sinhiao pg ((z, X)) o coshia

+ coshia o p3 ((x, X)) o coshia + sinh ia o p3 ((z, X)) o sinh ia,
pa (expia -z (x, X)) = coshiao puyg((z,X))ocoshia+ sinhiao pug ((x, X)) osinhia

+ coshia o us ((z, X)) o sinhia + sinhia o u3 ((x, X)) o coshia.
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Therefore:

(us + pa) (expia-g (v, X)) = expiao (uz+ pa)oexpia,
(13 — pa) (expia -3 (z, X)) = exp(—ia) o (u3 — pa) o exp(—ia),

and
(13— 13) (expia - (2, X)) = explia)o (i3 (. X)) — 153 (&, X)) )oexp(—ia).

For a € g such that expia -3 ((z, X)) = ¢3 ((z, X)), it follows that

=

pa (g3 (2, X)) = exp(ia) o (i ((x, X)) — 413 (2, X))

and

Ky (2, X)) = 7 T (3 (2, X)) = 1 (2, X)) — K1d)

o exp(—ia),

Proposition 5.5 :
For every (z, X) in W*, one has

1

k2 4 2

Ks((z, X)) = T Tr (< Id + w (xX* X" — Xx*Xx*)) - Id) .
O Proof of Proposition 5.5:

Since W;i* C pi ' (—4k? Tr ) N p5 ' (0), for all (z, X) in W;?, one has

vz — X*X =k? Id and X*z = 2*X. Hence :

(13 (2, X)) — p} ((2,X))) = z*za*z+*2X X + X*Xo*o + X*XX*X
= o' r(X*X + k) + 02 XX + X* Xa*w
+(z*e — k) X*X — ¥ X2* X
— XX — X e X — X X" x
= K'4+4r* e X*X — 4o X+ X.
The result then follows after conjugation by z*~! viewed as an oper-
ator of Hy onto Ran x. a

Theorem 5.6 :

The symplectic form Wi? on the cotangent space T'Grl., admits a
globally defined Kdhler potential K3 on T'Gryes, whose expression at
(P, V*) € T'Grl., is given by

res

d

Ks(PVY) = £ 17 ((Id4—4V*VU%-— Jd)
gar (h(IWRpvy) V. V),

where :

hw%:%ﬁﬂ+u—n.
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B Proof of Theorem 5.6:
When (z, X) belongs to the level set, z*X = 0 and

N[

Ks((@, X)) =5 Tr ((1d + &@X*X2)? - Id)
=B ((1d +4VV)2 — Id),

where V' = k%X o x*. The theorem then follows from the identities:

1
gar (LIRLvyV,V) = Z?R Tr ((4V*V)?)

and
A 1 ,
gar (LRLvy )V, V) = ZQR Tr ((4V*V)7 ),

and from the fact that piwi® = dd® K3 = dd®p5 K3 = pidd® K3 since
p3 is holomorphic with respect to the complex structure Is. |

5.5 The Kahler potential K3 of OF as a func-
tion of the characteristic angles

In this Subsection, we show that the general formulas of [6] giving K3
in terms of the characteristic angles have an analogue in the infinite-
dimensional setting. For this purpose, we use a section of the applica-
tion ¢ (defined in Theorem 5.2), which has been already used in the
proof of Theorem 5.2.

Theorem 5.2 states that every ordered pair (P, Q) belonging to
Grl,. x Gr*d, with PN Q = {0} represents an element of the com-
plexified orbit. A preimage (x, X) of (P, @) by the application 1 :
Wis — O is given by :

{ z=k(Idp + 3A) g, (9)
X = _§A9|H+a

where A is a Hilbert-Schmidt operator from P to P+ whose graph
is @+ (determined modulo the right action of GL(P)), and where g
is a unitary operator uniquely defined if P and () are endowed with
their canonical bases. Note that the eigenvalues {a?};cy of A*A are
independent of the operator A chosen to represent the ordered pair
(P, Q). If A is generic, i.e. if all the eigenvalues a? are distinct, it is
possible to define pairs of characteristic lines {l;,1}, i € N, as follows.
The complex line [; is the eigenspace in P of the operator A*A with
respect to the eigenvalue a;, and [} is the complex line in Q-+ which
is the image of [; under the operator Idp + A. The angle 6; between
the two complex line /; and I} is defined by

cos b; = [(ei €7)],
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where e; is a unitary generator of I; and where :

, e+ Ale)

T e+ Aler)|”
The angle 0; is related to the eigenvalue a; by the following formula :

1

Ml—i—a?

The latter expression makes sense even in the non-generic case, and
allows one to uniquely define the set of characteristic angles 0; €
(—5,+5),i€N.

cosf; =

Remark 5.7 The orbit of an ordered pair (P, Q) in Grl,, x Gr,
under the natural action of GLy(H) is characterized by the dimension
of P N Q. The orbit of (P, Q) under the action of Us(H) on Grl,, x

Tes
Gr%._ is characterized by the set of characteristic angles 6;.

Proposition 5.5 allows to express the Kahler potential K3 on the
complexified orbit either in terms of the eigenvalues a; of A*A or in
terms of the characteristic angles 6; :

Theorem 5.8 The form wi® defined on the complezified orbit o¢

and associated with the natural complex structure of O satisfies wged =

ddes K5 with :

[N

K3 (P, Q) =k Tr (( Idp + A*A)z — Idp),

for (P, Q) in OF, where A is such that Ran(Idp+A) = Q*. Denoting
by a; the eigenvalues of the operator A*A, and by 0; the characteristic
angles of the pair (P, @), one has :

Ky((P,Q) =k Ly (y/1+a2 1)
=12 Yien (st 1)

B Proof of Theorem 5.8:
From the proof of Theorem 5.5 it follows that the potential K3 is given
at an element (z, X) of the stable manifold W;?* by :

K3((z, X)) = Tr ((k:4 b eXtX — 4" Xa"X)? — k2 Id) .

To proceed, let us recall the element (z, X') of W;* defined in the proof
of Theorem 5.2 by :

z=k(Idp + 3A) ouy

X = —%A ouq,
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where u is a unitary operator from Hy to P. One has ¢ ((z, X)) =

(P, Q) and
K3 (P, Q) = Ks((z, X)) = k? Tt (( Idp + ui A* Auy )2 — Idp> :
which, after conjugation by w1, gives the result. |
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