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Abstract

In this paper, we construct a hyperkihler structure on the complexification OF of any Hermitian
symmetric affine coadjoint orbit O of a semi-simple L*-group of compact type, which is compatible
with the complex symplectic form of Kirillov-Kostant-Souriau and restricts to the Kéahler structure of
O. By a relevant identification of the complex orbit O€ with the cotangent space 77O of O induced
by Mostow’s decomposition theorem, this leads to the existence of a hyperkéahler structure on 7O
compatible with Liouville’s complex symplectic form and whose restriction to the zero section is the
Kéhler structure of O. Explicit formulas of the metric in terms of the complex orbit and of the cotangent
space are given. As a particular case, we obtain the one-parameter family of hyperkéhler structures on
a natural complexification of the restricted Grassmannian and on the cotangent space of the restricted
Grassmannian constructed by hyperkéhler reduction in [29] .

Résumé

Dans cet article, nous construisons une métrique hyperkihlerienne sur I'orbite complexifiée O de
toute orbite coadjointe affine hermitienne symétrique O d’un L*-groupe semi-simple de type compact,
qui est compatible avec la forme symplectique complexe de Kirillov-Kostant-Souriau et qui se restreint
en la structure kihlérienne de ©. Grace & une identification pertinente de I'orbite complexifiée O
avec lespace cotangent T'O de l'orbite de type compact O induite par le théoreme de décomposition
de Mostow, nous en déduisons I'existence d’une structure hyperkahlérienne sur 7O compatible avec
la forme symplectique complexe de Liouville et dont la restriction a la section nulle est la structure
kéahlérienne de O. Des formules explicites de la métriques en termes de 'orbite complexifiée et de
I’espace cotangent sont données. Comme cas particulier, nous retrouvons la famille a un parametre de
structures hyperkéahlériennes sur une complexification naturelle de la grassmannienne restreinte et sur
lespace cotangent de la grassmannienne restreinte obtenue par réduction hyperkihlérienne en [29].
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1 Introduction

In finite dimension, each (co-)adjoint orbit O of a compact semi-simple Lie group G is an homogeneous
Kéhler manifold (hence of dimension 2n, n € N). There exists a unique complex semi-simple Lie group
G such that G embeds into G and such that this embedding induces the natural injection of the Lie
algebra g of G into the complex Lie algebra g® := g @ ig. In this setting, adjoint and coadjoint orbits
of G (resp. G®) are identified via the Killing form of g (resp. g©). The complexification OF of O is
defined as the orbit of any element in @ under the coadjoint action of GC. It is natural to ask whether
the coadjoint orbit O (which is of dimension 4n) admits a hyperkihler structure compatible with the
complex symplectic form of Kirillov-Kostant-Souriau. In the same circle of idea, one can ask whether
the cotangent space of O (which is again a 4n-dimensional manifold) admits a hyperkéhler structure
compatible with Liouville’s complex symplectic form. These two questions have been answered by the
affirmative by O. Biquard in [6] and independently by A.G. Kovalev in [16]. More precisely, a family
of hyperkihler structures on the complex adjoint orbit OC of an element 7 € g answering the first
question is given by Theorem 1 in [6] and Theorem 1 in [16] applied to the triple (0, 7,0). Adding the
requirement that the hyperkéhler structure should extend the Kahler structure of G - 7 =: O, specifies
the hyperkéahler structure in the family. A family of hyperkahler structures on the cotangent space
of O answering the second question is given by Theorem 2, 2) in [6] with 7" = it and 7¢ = 0. The
restriction to the zero section of one of these hyperkéhler structures is the Kéhler structure of O. The
aforementioned results are based on the study of different forms of Nahm’s equations and extend related
results obtained by P. B. Kronheimer ([17], [18]). Unfortunately the hyperkéhler metrics involved are
not explicit.

In the special case of compact Hermitian-symmetric orbits O, an explicit formula for the unique
G-invariant hyperkihler metric on O, which restricts to the Kihler metric of O and is compatible with
the complex symplectic form of Kirillov-Kostant-Souriau, is given by O. Biquard and P. Gauduchon in
[7] in terms of the curvature of O. Its construction is based on the existence of a fiber bundle structure
on OF over O. A projection from the complex orbit onto the orbit of compact type exists for general
adjoint orbits as a consequence of Mostow’s decomposition theorem (see [30]). Nevertheless, only in the
Hermitian-symmetric case it has the property of minimizing the distance in g€ to the orbit of compact
type (with respect to the Hermitian product on g€ whose restriction to g is the opposite of the Killing
form). This metrical characterization is crucial in the proof of the aforementioned result. In [§], the
same authors express in terms of the curvature of O the unique G-invariant hyperkéahler metric on the
cotangent space T'O compatible with Liouville’s symplectic form, whose restriction to the zero section
is the Kahler metric of O. The finishing touches to the picture are given in [9], where the hyperkéhler
manifolds O€ and 7’0 are identified. In the present work, we extend the aforementioned results of [7],
[8] and [9] to the infinite-dimensional setting, considering Hermitian-symmetric affine coadjoint orbits
of semi-simple L*-groups of compact type. As far as we know, the case of a general orbit of an L*-group
is an open problem.

The necessity of considering affine coadjoint orbits instead of simply coadjoint orbits is motivated
by the example of the connected components of the restricted Grassmannian, which are affine coadjoint
orbits of the unitary L*-group U (see below for the precise definition of this group) but not coadjoint
orbits of Uy in the usual sense. The non-equivalence of these two notions in the infinite-dimensional
case is related to the fact that not every derivation of an infinite-dimensional semi-simple L*-algebra
is inner. In other words, every derivation D of a L*-algebra defines an affine coadjoint orbit Op of the
corresponding L*-group, which is a coadjoint orbit if and only if the derivation is inner.

The classification of irreducible infinite-dimensional Hermitian-symmetric affine (co-)adjoint orbits
of compact type has been carried out in [31], generalizing the classification given in the finite-dimensional
case by J. Wolf in [34]. The classification of Hermitian-symmetric spaces has been obtained by W. Kaup
in [15] using the algebraic notion of Hermitian Jordan Tripelsystems (see [14]). It is noteworthy that
Hermitian-symmetric affine adjoint orbits of L*-groups exhaust the set of all Hermitian-symmetric
spaces (compare [31] and [15]), so the notion of affine coadjoint orbit appear to be the right notion to
recover the equivalence between Hermitian-symmetric spaces and coadjoint orbits valid in the finite-
dimensional case (see for instance Theorem 8.89 in [5]).

A first step toward the generalization of the results of O. Biquard and P. Gauduchon mentioned above
to the infinite-dimensional setting has been carry out by the author in [29]. An infinite-dimensional
hyperkahler quotient of a Banach manifold by a Banach Lie group has been used to construct hy-
perkahler structures on a natural complexification of the restricted Grassmannian and on the cotangent



space of the restricted Grassmannian. The approach here is more conceptual and applies to every
Hermitian-symmetric affine coadjoint orbit.

A first tool used in this paper is the analogue of Mostow’s decomposition theorem for L*-groups,
which has been discussed by the author in [30] and independently by G. Larotonda in [19] (see also
[20] for the finite-dimensional proof and [1] for a generalization to some von Neumann algebras). The
second tool needed is the theory of strong orthogonal roots, which has to be adapted to the infinite-
dimensional setting. With these tools in hand we are able to prove the main Theorems of this work,
namely Theorem (3.1, Theorem 4.1l and Theorem 6.1.

The structure of the paper is as follows. The next section contains the notation and definitions used
throughout the paper, as well as some known results on which the present work is based. Section |3
is devoted to the proof of the fiber bundle structure of a complexified Hermitian-symmetric affine
coadjoint orbit (9% over the corresponding orbit of compact type Op, precisely described in Theorem
3.1. In section 4} the hyperkihler structure of O% is constructed (Theorem 4.1)). In section [5, a natural
isomorphism between the complex orbit O% and the cotangent space T'Op is given (Theorem 5.1). In
Theorem [6.1] of section |6, the pull-back of the hyperkahler structure constructed in section 4] by the
isomorphism constructed in section /5! is described in terms of the cotangent space T"Op. The reader
will find in the Appendix the general results on strongly orthogonal roots in L*-algebras that are used
in the proves of the Theorems.

2 Preliminaries

In the following, H will denote a separable infinite-dimensional complex Hilbert space. Let us first
recall some basic facts about L*-algebras and L*-groups.

An L*-algebra g over K € {R,C} is a Lie-algebra over K which is also an Hilbert space endowed
with an involution % satisfying

([z, ], 2) = {y, [2", 2])

for every z, y and z in g. An L*-algebra g is semi-simple if g = [g, g|, and simple if g is non-commutative
and if every closed ideal in g is trivial. Every L*-algebra decomposes into an Hilbert sum of its center
and a sequence of closed simple ideals (this was proved by J.R. Schue in [26]). According to [20], every
simple separable infinite-dimensional L*-algebra over C is isomorphic to one of the non-isomorphic
algebras

gly, 02(C) or sp,y(C),

where gl, denotes the Lie-algebra of Hilbert-Schmidt operators on H , 02(C) is the subalgebra of gl
consisting of skew-symmetric operators with respect to a given real Hilbert space structure on H , and
where sp,(C) is the subalgebra of gl, consisting of operator  whose transpose 7 satisfies

al = —JxJ 7,
for the linear operator J defined on a basis {e, }nez\ 10y of H by
Je, =—e_, if n<0; Je,=+4e_, if n>0.

To every L*-algebra is associated a connected Hilbert-Lie group, called L*-group (see Theorem 4.2 in
[22]). The L*-group associated to gly, denoted by GLa, is the group of invertible operators on H which
differ from the identity by Hilbert-Schmidt operators. A non-connected L*-group with Lie algebra
02(C) is the subgroup O2(C) of GLy consisting of operators which preserve the C-bilinear symmetric
form 3 defined by

Blz,y) = Tr ("),
for every x, y in H . The L*-group Sp,(C), whose Lie algebra is sp,(C), is the subgroup of GLj
preserving the C-bilinear skew-symmetric form ~ given by

Y(x,y) = Tr (a7 Jy).

An L*-algebra g is said to be of compact type if x* = —x for every x € g. Every simple separable
infinite-dimensional L*-algebra of compact type is isomorphic to one of the non-isomorphic real L*-
algebras

ug = {x € gy, 2" = —a}; 02 := 02(C) Nuy; 8Py 1= 8P (C) Nus.



(This result can be found in [3], [11] and [32].) An Hermitian-symmetric space is a smooth strong
Riemannian manifold (M,g) endowed with a g-orthogonal complex structure and which admits, for
every x in M, a globally defined isometry s, (the symmetry with respect to x) preserving the complex
structure, such that z is a fixed point of s,, and such that the differential of s, at x is minus the identity
of T, M. Every infinite-dimensional Hermitian-symmetric space M decomposes into an orthogonal
product My x My x M_, where My is flat, M is simply-connected with positive sectional curvature
and M_ is simply-connected with negative sectional curvature ([15]). An Hermitian-symmetric space
with positive (resp. negative) sectional curvature is said to be of compact type (resp. of non-compact
type). An Hermitian-symmetric space is called irreducible if it is not flat and not locally isomorphic
to a product of Hermitian-symmetric spaces with non-zero dimensions. Every Hermitian-symmetric
space of compact or non-compact type can be decomposed into a product of (possibly infinitely many)
irreducible pieces. The irreducible infinite-dimensional Hermitian-symmetric spaces have been classified
by W. Kaup in [15] using techniques developed in [14]. According to [31], every irreducible infinite-
dimensional Hermitian-symmetric space of compact type is an affine coadjoint orbit (see below for the
definition) of a simple L*-group G of compact type.

An affine adjoint (resp. coadjoint) action of an L*-group on its Lie algebra g (resp. on the con-
tinuous dual g’ of its Lie algebra) is given by a group homomorphism from G into the affine group of
transformations of g (resp. g’), whose linear part is the adjoint action of G on g (resp. the coadjoint
action of G on g’). An affine (co-)adjoint orbit of G is the orbit of an element in g (resp. g’) under the
affine (co-)adjoint action of G (see section 2 in [22]). For simple L*-groups, affine coadjoint orbits and
affine adjoint orbits are identified by the trace. Every irreducible Hermitian-symmetric affine adjoint
orbit of compact type is the orbit of 0 in g € {us,09,5p,} under the affine adjoint action Adp of G
given by

Adp : G — GL(g)xg )
g — (Ad(9),00n(9)),
where
@D G - g
g +— ©Oplg)=gDg'—-D

for a bounded skew-Hermitian operator D on H with two different eigenvalues (see Theorem 4.4 in
[22] and [31]). For a bounded skew-Hermitian operator D, we will denote by Op the orbit of 0 under
the affine adjoint action Adp of G. The projective space of an infinite-dimensional separable complex
Hilbert space, and the connected components of the restricted Grassmannian associated to a polarized
Hilbert space are examples of such an orbit.

Throughout in the following © = Op will denote an irreducible Hermitian-symmetric affine adjoint
orbit of a (simple) L*-group of compact type G with Lie algebra g, and D the corresponding bounded
linear operator. In particular

Op ={gDg ' - D,g€ G} =G/K.
where K is the isotropy group of 0 € Op. The Lie algebra of K is
to:={xe€g]|[D,x] =0}

We will denote by D the derivation [D,-], and use the following notation : ad(z)(y) := [z,y]. The
tangent space at 0 € Op is isomorphic to the orthogonal mgy of £y in g. The complex structure at 0 is
given by the operator

1
I:=

=-D
m,
C Imo

on the tangent space ToOp ~ mg, where c is the positive constant defined by

[D ) [Da'H\ = 702 idmo'

mo
The orbit Op being a homogeneous symmetric space of G, the following commutation relations hold
[Eo , Eo] C o; [to , mo] C my; [mo , mo] C to. (2)

For every x = gDg~' — D in Op, we will denote by &, the Lie subalgebra of g which fixes x, and m,,

its orthogonal in g. One has £, = gbyg~ ! and m, := gmgg~".



The complexified orbit Of of Op is defined as the complex affine adjoint orbit of 0 under the
complex L*-group G€ with Lie-algebra
g“ =g ®ig,
for the affine adjoint action which extend naturally Adp (and which will be also denoted by Adp in
the following). Note that the derivation D = [D, ] applies g* onto mg @ imy. Mostow’s decomposition
theorem (see [20] for the finite-dimensional case, [19] or [30] for infinite-dimensional L*-groups) states
that, for every x in Op, there exists a homeomorphism

G® ~ G exp(im,) exp(it,).

The complexified orbit OF is a strong symplectic manifold for the Kirillov-Kostant-Souriau symplectic
form w® defined as the GC-invariant 2-form whose value at the tangent space TOO% at 0 is given by

WX, Y) = (X", [D,Y]) (3)

for X, Y in To0% (see Theorem 4.4 in [22]). Note that this convention differs from the convention
usually used in the finite-dimensional case by the multiplicative constant c?.

3 The complex orbit O as a fiber bundle over the orbit of
compact type O

This section is devoted to the below “fiber bundle Theorem” which specifies the metric properties
acquired, in the case of a Hermitian-symmetric orbit, by the projection 7 : O% — Op defined in [30].
It is a generalization of Proposition 1 in [7] to the case of an affine coadjoint action. We give below
some details of the proof since traces of operators are involved and the computation as given in [7]
does not make sense in our context (recall that (-,-) denotes the Hermitian product in the L*-algebra g
which is given by the trace). Let us emphasize that the minimizing property described in this theorem
and its finite-dimensional counterpart is the key step in the construction of the hyperkéhler metrics
on Hermitian-symmetric spaces by the method developped in [7], [8] and [9] and which we will follow.
For a general complex coadjoint orbit, this key step is missing and the current method can not be
applied (for the construction of hyperkéhler metrics on complex coadjoint orbits of general type see
[17], [18], [6], [16]). At the end of this section, the Proposition 13.2 gives an isomorphism between the
tangent space to 0% at any y and the tangent space to O% at 7(y) € Op. It is the infinite-dimensional
version of Lemma 4 in [7], whose proof is too concise to contain all the necessary informations. These
identifications of tangent spaces are crucial for a good understanding of the expression of the hyperkéhler
metrics constructed in sections 4 and [6. For this reason we include a detailed proof.

Theorem 3.1 Fvery element y of the complex affine adjoint orbit O% can be written uniquely as
y = Adp (") (z)

where x belongs to Op and where a is in m,. The element x is characterized by the property that it
minimizes the distance in g€ between y and the orbit of compact type Op. The fibers of the orthogonal
projection T which takes y in O% to the corresponding x in Op are the sets of the form Adp (G™) (z),
where x € Op and where G denotes the connected L*-group (of non compact type) with Lie algebra
t, @ im,. Moreover, m is G-equivariant.

B Proof of Theorem [3.1:
Every element y = Adp(g)(0) in the affine adjoint orbit O, can be written uniquely has

y=g-0=Adp (™" )(x)

where z := Adp(u)(0) = u-0 and where udu~! belongs to m, = umou~" (see [30]). Let us show that
minimizes the distance in g& between y and Op. Every element 2’ in a neighborhood of = in Op can
be joint to by a (minimal) geodesic. Since Op is a symmetric space, every geodesic starting from z is
of the form ¢ — exp(tb) - z, where b belongs to m, (see Proposition 8.8 in [2], Corollary 3.33 in [10], or



Proposition 25 p 313 in [24] for a description of the geodesics in finite-dimensional symmetric spaces,
or its infinite-dimensional versions as given in Example 3.9 in [23] or in [30]). For

2’ = Adp(e®)(z) = " uDu"'e " — D,
where b’ belongs to m,,, consider the geodesic
2= Adp (e )(z) = ™ uDu e ™ — D, te[0,1]

from z to z’, and the following function

78 = 5y —

The explicit expression of f is the following

f(t) — %HeiuaufluDu—le—iuaufl _ etb/uDu—le—tb’HQ — %HeiuDe—iu _ ethe—tb||2

— % <eiuDe—iu _ ethe—tb7 eiaDe—ia _ ethe—tb> :
where we have set b := u~'b’u € mg. One has
f'(t) = R(e®*De™™ — D, —[b,e® De*]) + R(e'® De™t* — D, [b, e!* De ). (4)

From the commutation relations (2) which characterize a symmetric orbit, one deduce that e‘® De=% — D
belongs to the direct sum € @img, whereas —[b, e!* De~**] belongs to £y@&mg. Hence only the projections
on £y are involved in the scalar product. Let us consider each term of the sum (4) separately.

First,

R <eiuDe—iu —D,— [b7 ethe—tb §R<co<};§d£‘zu a, [D, CLH , % [tb [D b]]>

_ 2 cosh ad(ia)—1 sin ad(ith)

= %§R<7ad(w)2 [a, Ia], 7&(1(”5) [tb, Itb]>
where, for any analytic function f, the notation f (ad(ia)) denotes the operator obtained by applying
the expansion of f to the Hermitian operator ad(ia). From Lemma[A.9 in the Appendix of the present
paper, it follows that

2

§R<eiaD€_ia _ D, _ [b,ethe_tb}> = <R <[CLN,ICLN] ) [b”,IbUD ,

2
=< (|I[a”, "] > + || [a", I6"] |?)

"o coshad(ifa)—1 "o.__ sin ad(¢1th)
where o := /= qarar— (a) and b” := (i)

<
< oy

Secondly, let us remark that (e®* De=t* — D, [b,e'® De='* — D]) is purely imaginary. It follows that

(tb), the latter expression being valid only for

R (e"®De " — D, [b,e*De~*]) = R (" De~"* — D, [b, D]).

Using the commutation relations (2), note that e*® De=* — D belongs to £ ® mg, and [b, D] is in my.
One has

R (e!*De=t* — D, [b,D]) = é}%<%[tb D), [b,D]>

sin ad(ith)
= tPR(F adite) 10 ,16),

which is positive for ¢ in (0, 5) since % is an Hermitian operator.



We conclude that both terms in the sum (4) are positive for ¢ in (0, ﬁ) whence f’(t) > 0 for ¢ in
this interval. The second derivative of f at 0 is given by

f"(0) =R{e""De~"* — D,—[b,[b, D]]) + R([b, D], [b, D])

=R ([b,e"*De~" — D], [b, D]) + R ([b, D], [b, D])
=R ( [b, 282D (ia, [ia, DI))] , [b, D] ) + R ([o, D [6, D))
= (b= (0, (D, o)), b, [D, B])) + c2][o]

= 2 (A=, Tal, [b, 76] ) + ¢2[Jb]
Using again Lemma A.9, one has

f(0) = e*R([a", Ia"], [b, Ib]) + c?[|b]|*
= (lla”, b]1* + [[[a”, T6]||* + [[][?) ,

where a” = 1/%(&). Hence the second derivative of f at 0 is positive. Let us define the

function
fy: Op — R
1
From the second line of computation (5), the Hessian of f, at 0 is positive-definite and has the following

expression ) )
Hess(X*, X°) = R([c, ¢’* De™"], [o, D)), (6)

where X°© and X? are the vectors induced at 0 by the infinitesimal action of ¢,d € mg respectively. It
follows that  minimizes the distance between y and Op. In the finite dimensional case, the discussion
above would be sufficient to conclude that x is the unigue minimum of the distance between y and Op
because Hopf-Rinow Theorem guaranties that every element z’ in Op can be reached by a geodesic
of Op starting at x, and because f is strictly increasing along a minimizing geodesic. In the infinite-
dimensional setting, Hopf-Rinow Theorem does not hold anymore, thus an argument implying the
uniqueness of the minimum has to be added. We give this argument below, but let us first remark
that the fiber of the projection 7 over z is the set of y’ such that y’ = Adp (e'*) (z) for some a
in m,. Therefore it is the orbit of x under the group G'¢. The G-equivariance of 7 is a direct
consequence of the definition and implies that it remains only to prove that 0 is the unique minimum
of the distance between a given element y in the fiber 771(0) and Op. Let a be the element in mg such
that y = e®*De™** — D. By density of the maximal Abelian subalgebras of my spanned by maximal
sets of strong orthogonal roots, for every € > 0, there exists

A = § Qo To

aevw,
in a Abelian subalgebra
A 1= EBO(E‘I/ERJ:CK

spanned by a maximal set of strong orthogonal roots ¥, such that ||Ry — R (ei"f . O) || < e. For every
a eV, set y, = [z, and hy = %[ma,ya]. For every a, 3 € ¥,, the following commutation relations
hold :
[xa,yg] = 2iha5ag; [ha7l‘ﬁ] = —2iya§a,@; [hmyﬁ] = 2i$a(5a,@.
It follows that
R (% 0) = Y 2ihg (cosh(2a,) — 1))

acd,

This implies that Ry belongs to the following convex set

Ce:={v ety | (ha,v)>—c}N{v e b, dist (v,span{hg,a € ¥ }) < e}.



It is easy to check that for € small enough, 0 is the unique element in C. N Op, and this complete the
proof. |

Proposition 3.2 For y = Adp(e'*)(x) € 0%, where x € Op, and a € m,, the map

p: myPim, — TyO%
c — X

is an isomorphism. The kernel of m, : Ty(’)% — T,0p is V, := {X*,c € my}, and 7, induces an
isomorphism from H, = {X*, ¢ € m;} onto m,.

O Proof of Proposition 13.2:
By G-equivariance, it is sufficient to consider the case where z is equal to 0. Let us consider an element
y = e*De~" — D in 771(0) where a belongs to my. A tangent vector to OF, at y is given by the action
of an element ¢ in the complex Lie algebra g & ig, i.e. is the derivative at 0 of the function

OC(t) = e De~ e — D.
It is therefore of the form _ _ ' o '
XC — [c, ezaDefza] — ela[eflacelu7D]6flu.
For ¢ € my @ imy,

[e="cei® D] = [Ad(e~®)(c), D] = [exp (ad(—ia)) (¢), D]

= —cl cosh (ad(—ia)) (c).

Note that the operator cosh (ad(—ia)) from g€ to g€ is Hermitian and one-to-one, thus an isomorphism,
and preserves the subspace my@img. Since the tangent space to O% at y is ' (mo @img)e?, it follows
that p is an isomorphism.

Let us show that for ¢ € mg, one has m,(X*) = 0. Consider the curve

(I’ic(t) — ez’tc eiu . 0.

By Mostow’s decomposition theorem (see [20], [19], [30]), for every ¢t € R, there exists u; in G, b; in my
and 0, in £y such that

ite ia

el = uy et e,

9

It follows that ) L )
T (D(t)) = (e e 0) = (ue™ - 0)
=7

(eiutbtu;l “(ug - 0)) =uy - 0,
since utbtut_l belongs to the subspace m,,.q. Hence

m (X)) = L (@) (ur) -0

. dt =0
But the curve ®(t) belongs to £ @ img for all ¢ € R, thus its derivative at ¢t = 0 also. One has
d _ . d ; d
Z () =dc- (6. 0) = — (e 0) + —
dt |t=0 (8) =ie- (e ) dt|t:0(ut) (e )+ dt |t=0

Note that for ¢ = 0, ug is the unit element in G and that by = a. Since b; belongs to my for all ¢, the
curve e’ . 0 belongs to & @ img for all t € R, hence its derivative at t = 0 also. It follows that

_d
 dtj=0

(e'1) - 0.

d ia d .
il (9. 0) = | — , €0
) (€0 = [ 5 (), o)
belongs to € @ img. From this, one deduces that the component of %lt:o(ut) along mg vanishes

because it has to stabilize ¢'® - 0 and because mg N e &g e~ = {0}. Whence %lt:o(ut) belongs to £y
thus 7, (X*) = 0.
Let us now show that for ¢ € mg, one has 7, (X(y)) = ¢- 0. One has

T (D5(t) = 7 (e it 0)=n (eAd(e“)(ia) (et O)) — et

It follows that . (X°(y)) = ¢- 0 and the proof is complete. O



4 Hyperkihler structure on the complex orbit O€

In this section, we will use the particular property of the projection 7 of minimizing the distance in g©
to the orbit of compact type in order to construct a hyperkéhler structure on O% and thereby generalize
Theorem 3 in [7] to the case of complexifications of Hermitian-symmetric affine adjoint orbits of L*-
groups of compact type. Note that it is sufficient to consider the case of an irreducible orbit O%. The
notation we introduce in Theorem 4.1/ below is in correspondence with the one of Theorem 3 in [7], and,
using this correspondence, the proof of Theorem 3 in [7] can be formally followed without substantial
changes. For this reason we omit the details in the proof. Let us however emphasize that the objects
handled in our setting are conceptually different to the ones appearing in the finite-dimensional theory :
a based point in the infinite-dimensional orbit is de facto distinguished (the element 0 € Op), and an
element y in OF is of the form gDg~! — D, where g € G and where D does not necessarily belong to
g. For further comments, see remark 14.2.

Theorem 4.1 The complex affine adjoint orbit O% admits a G-invariant hyperkdhler structure compat-
ible with the complex symplectic form w© of Kirillov-Kostant-Souriau and extending the natural Kdhler
structure of the Hermitian-symmetric affine adjoint orbit of compact type Op. The Kdhler form wq
associated with the complex structure i of 0% is given by wy = dd°K, where the potential K has the
following expression

K(y) = Ry, m(y)), (7)

for every y in O%. The explicit expressions of the symplectic form wy and the Riemannian metric g
are the following

wl(Xc-f-ic"XD-‘riD') = (<Xic"7r*(XD)> _ <Xm/,7T*(XC)>)

(X X?) = g(X', X)) = cR(X“(y), X°(m(y))), g(X,X7?) =0,
where ¢, ¢, 0 and 0’ belong to my(,y. The complex structure I is given at y € 7=10) by

LX° = x[%2 X — _xil20

where ¢ and 0 belong to my.

B Proof of Theorem 4.1:

The formulas for w; and g appearing in the Theorem can easily be computed following [7]. The G-
equivariance of 7 implies the G-invariance of g. To check that g is positive-definite, it is therefore
sufficient to consider g at an element y = e?®*De~*® — D in the fiber 7=1(0). In this case, one has

(X, X?) = g(X", X7) = R([c, e De "], [0, D)), (8)

which, according to equation (6)) in the proof of Theorem 3.1} is equal to the Hessian at 0 of the function
fy modulo the positive multiplicative constant c. It follows that g is positive-definite. It remains to
show that g is hyperkihler and compatible with w®. For this, we will use (as it has been done in [7])
lemma 6.8 of Hitchin’s paper [13], which implies that it is sufficient to show that the endomorphism I
defined by

g(X,Y) = Ru®(X, LY)

satisfies (12)2 = —1. Recall that the natural complex symplectic form w® on Of is the G-invariant
2-form whose value at 0 € O is given by

WC(X’Y): <X*3[D7Y]>’ (9)

where X, Y belong to To0%,. By the G-invariance of g and w®, the problem reduces to the study of I
at an element of the fiber over 0. An easy computation then leads to

g(X°, X% =RuC (ng[%v])

for ¢ and 0 in my. Hence, for 0 € my, the expression of Iy is [, X° = X[%’a]. A similar computation

gives LX?® = — X122 where 0 € my. Since the operator I := [%, .] is the complex structure of the
orbit of compact type, thus of square —1, it follows that (12)2 =-1 |



Remark 4.2 Let us make a few comments on formula (7) in comparison to the formula given in the
finite-dimensional case in Theorem 3 of [7]. First, as mentioned above, the convention for the definition
of the complex symplectic form we in the infinite-dimensional case given by (9) differs from the usual
convention for the finite-dimensional case by the multiplicative constant ¢2. This explain the different
multiplicative constants in the expressions of the potentials (1/x in the finite-dimensional formula, and
¢ in the infinite-dimensional formula, with x = ¢). Secondly, despite the fact that formula (7) looks
very similarly to its finite-dimensional version, it differs by a non-trivial element in the kernel of the
operator dd® which encodes the affine structure of the orbit. Indeed, the elements y and 7 (y) in Op
represent the differences between a conjugate of D and D itself. Note in particular that the values of
the potential (7) and its derivative vanish along the fiber 7=1(0).

5 From the complex affine coadjoint orbit OF to the cotangent
space 1T'O

Let us denote by Ry (resp. Sy) the projection on the first (resp. second) factor g in the direct sum
g® = g @ ig of an element y € g€. The following Theorem is the infinite-dimensional analogue of
Theorem 3 (iv) in [9]. It gives a relevant identification of OF and T'O, which will be used in next
section to transport the hyperkihler structure of O% constructed in Theorem [4.1 to the (co-)tangent
bundle of Op. We give a self-contained proof of this Theorem since the proof in [9] uses a compactness
argument which fails in our setting (lemma 5 appearing in the proof of Theorem 3 (iv) in [9] is based
on the completeness of a vector field, derived from the compactness of the orbit O (Proposition 5 in
[9]), which can not be showed easily in our context).

Theorem 5.1 The map
T: O% — TOp
y = —olwSy

s an isomorphism which commutes with the natural projections m : (9% —Op andp:TOp — Op.

B Proof of Theorem 5.1:
Let us remark that for every y € O% in the fiber 77%(x) over x € Op, Sy belongs to m,, thus can be
viewed as an element of T,,Op. The G-equivariance of the projection 7 and of the complex structure I
of Op imply that T is G-equivariant and commutes with the projections m and p. To show that T is
bijective, it is therefore sufficient to show that Y identifies the fiber 771(0) with m,.
Let us define the function f; :mg — mg by fi(a) = Y(y) where y = e!*De~%® — D. One has

fi(a) == —1ISy = LIsinh (ad(ia)) (D) = L1382000 ([ja, D)) = 1925elal rq,

sinh ad(ia)

ad(ia) from g to g being greater or equal to 1, the condition Sy = 0

The eigenvalues of the operator
implies a = 0, hence y = 0.

Let V € mg =~ TyOp. Let us show that there exists y € (9% such that Sy = ¢IV. To do this, let us
first suppose that V' belongs to a maximal Abelian subalgebra 2 of my generated by a maximal subset
¥ of strongly orthogonal roots x,, :

A = GBO(E‘I’RJ"OC

For every o € U, set yo = Iz, and h, = %i[xa,ya]. For every «, 8 € W, the following commutation
relations hold :

[xomy[‘}] = 2iha5a[3; [homl'ﬂ] = _27;ya6a,8; [homyﬂ] = 22'l'azfsoz,ﬁ'

Now, for a € 21 with decomposition

a= E AaTq

acV¥

with respect to the basis z,, one has

ad(ia)”Ja = > (2a0)*"taYa;
acV¥
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and consequently

{Isinhad(ia)(D) = T2ei0 = LIS, sinh(200)ya = § 3 4cy Sinh(200)7q.

Thus, for any V in 2 with decomposition

V= Zvaxa

acV¥

with respect to the basis z,, the element y in O% defined by y = e**De™* — D where

1
a=g ;} argsinh(2v, )z,

satisfies ,%] Sy = V. It follows from the computation above that

0 Iargsmh (ad(iV))

ad(iV) (V).

Let us define the function fo : my — mg by

fo(V) = 17“%51;‘5’((;;‘)“‘/” (IV).
One has fio0fy = foo fi1 = Id on 2. To conclude the proof of the Theorem, let us remark that the union
of maximal Abelian subalgebras of my generated by a system of strongly orthogonal roots are dense in
mg (indeed my = UgexAd(g)(A), see the Appendix). It follows that the range of the restriction of T
to the fiber 771(0) is dense in TyOp. From the arguments above, it also follows that fy o f; = Id and
fiofo =1Id on Ad(K)2. From the continuity of f; and f, this implies that foo fy = Id and fio fo =1d
on my. Hence Y identifies the fiber 771(0) of O% with ToOp. ]

6 The hyperkidhler metric on the cotangent space 7O

In Theorem 6.1 below, we give explicitly the hyperkéhler structure of T'Op (identified with the tangent
space TOp by the trace) obtained from the hyperkihler structure of O% via the map Y defined in
Theorem [5.1. By a standard argument as in Lemma 2.1 in [8], the metric § obtained is in fact the unique
metric on T"Op ~ TOp which restricts to the Kahler metric on Op, is compatible with the Liouville
complex symplectic form of T7’Op and for which the natural horizontal and vertical distributions Hory
and Very (see below) are g-orthogonal. Let us mention that the last condition on g has to be a priori
added in comparison to the finite-dimensional case to ensure uniqueness (in the proof of Lemma 2.1 in
[8], @ can be chosen H-invariant because H is compact, but this averaging procedure can not be applied
in our case). We recall this uniqueness property in Proposition 6.2. The formulas for the metric given in
Theorem [6.1] are identical to the ones appearing in Theorem 1.1 in [8]. The proof is however completely
different and has no finite-dimensional analogue in the work of O. Biquard and P. Gauduchon. Moreover
it provides a shortcut which avoids the computations of section 4 in [8]. Let us first state the Theorem.
We will denote by g, the Kahler metric of the affine adjoint orbit of compact type Op whose expression
at 0 is the following
gO(XC7XD) = C%<[C’D]> [D,DD =R (c,0),

where ¢ and 0 are in my. This metric is strongly Kéhler. This implies in particular that the Levi-Civita
connection V is well-defined. At an element V' of the tangent space TOp, the space Ty (T'Op) splits
into the Hilbert direct sum Hory @ Very, where Very is the tangent space to the fiber of the natural
projection p : T(TOp) — TOp, and where Hory is the horizontal space at V' associated with the
connection V. For any V in the fiber p~1(z), 2 € Op, the space Very will be naturally identified with
im,, the vertical element ¢¥ corresponding to ¢ € im, being ¢ = ic. The horizontal space Hory will
be identified with m, via the differential of p. For ¢ € m,, the horizontal lift of ¢ - x will be denoted by
¢l € Hory. Let us denote by g, the metric on T(TOp) obtained from the metric g on Op by these
identifications together with the requirement that Hory and Very are gy-orthogonal. The pull-back by
T~! of the hyperkihler metric g will be denoted by §.
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Theorem 6.1 The hyperkdhler metric g on the tangent space TOp is obtained from gog by the endo-
morphism whose decomposition with respect to the direct sum Ty (TOp) = Hory & Very is the following

Ay 0
0 Ay

Av = Id+ IR1o(1R1v ) (V),p(IR1vv ) (V)

with
where

X

o) = (V2 1>%.

Proposition 6.2 (Lemma 2.1 in [8]) The metric § is the unique hyperkéihler metric on TOp which
restricts to the Kdhler metric of Op, is compatible with the pull-back of Liouville’s complex symplectic
form by the identification T*Op ~ TOp, and for which the horizontal and vertical distributions Hory
and Very are g-orthogonal. O

Let us proceed to the proof of Theorem [6.1. We will need the following Lemmas.
Lemma 6.3 For any a in mgy, one has

cosh(ad(ia)) - 1 L+ ad(@V)” —1

ad(ia)2 ([a,a]) = ad(z’V)Q [V, V], (10)

where a and V are related by T (Adp(e'®)(0)) =V or equivalently V = fi(a) = I%Iu.

A Proof of Lemma 6.3
By continuity of the operators involved and density of maximal Abelian subalgebras of mg generated
by maximal subsets of strongly orthogonal roots, it is sufficient to verify equation (L10)) for an element
a in a maximal Abelian subalgebra 2( generated by a basis x4, a € U, where VU is a system of maximal
strongly orthogonal roots. Using the notation introduced in the proof of Theorem 5.1, one has

V= Z Vala,

acV¥

and

a= Z 0Ty = % Z argsinh (204 )% 4.

acV¥ ac¥

For ¢(x) = %, the following is true
¢ (ad(ia) ([Ta,a]) =3 ,cq $(200)[Caba; tata] = 3 pey Haesd— [aYa, Gatal

) 1+ (20a)2 -1
::z:aeqr%(COSh(aIg$nh(20a)_‘1»[ya7xa]::E:aew‘AAiLAALAA{UayaaUaxa]

(2vq)2

_ ,/1+ad(iV)L1[IV, V],

ad(iV)2

Lemma 6.4 For any V € mgy and any positive analytic function ¢, one has
¢ (ad(iIV)?) (V) = ¢ (IRrv,v) (V).

A Proof of Lemma 6.4:
With the notations introduced above,

IRy =I[IV,V] =1 [vaya,vatal =1 > v3(-2i)ha,
acw aevw
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and
(IRrvy)V = IZ@E\P Ui(_Qi)[hmvama] = IZae\P vi(_%)(_%)vaya

=—1 Zaeql(Qva)Qvaya = Zae\p@va)zvaaja.
On the other hand,

GV (V) = (V) (S lvatins vaial) = adiIV) (Seq 20200)
= P aew 2105 [Ya, ha] = 2 0 (2Va)*vaa
=({URrvv)V.
Hence, it follows that

(IRvy)"(V) = > (206) vama = (ad(iIV))*" (V)
acevw

Consequently, for any positive function ¢, one has

¢ (ad(iV)?) IV, V] = o (IR1v,v) (V).

B Proof of Theorem 6.1:
Let us recall that the tangent space to 0% at y = Adp(e™®)(x) (x € Op, a € m,) is the subspace
e (m, @ imy)e~™ of g€, It is identified with m, @ im, by the application p defined in Proposition [3.2,

p: my®im, — T,05
c — X
The vertical space V, := p(im,) is the kernel of 7, and p restricts to an isomorphism from m, onto the
horizontal space Hy := p(m,). The metric g is G-invariant and its expression at a point y = e'*De~"*—D

in the fiber 771(0) over 0 is
g (p(c), p(2)) = g (p(ic), p(i0)) = R([c, e"*De™"], [0, D), (11)
where ¢, 0 € mg. It follows that for any ¢ and 0 in mg, one has

g(p(c), p(0)) = cR([c, cosh (ad (ia)) (D)], [0, DI)

= R ([, D], [0, D)) + e (e, 220D ([ia, [ia, DIJ)] [0, D])

= R (e,0) + R ([o, LU= ((q, 10])] , o, D))

AR (c,0) + AR <I {% (Ha,a]), C} 7°> '

The identification Y of O% and TOp commutes with the projections 7 : O% — Opandp:TOp — Op.
It follows that the differential of T maps the vertical space V,, onto the vertical space Very, where y
and V are related by V = Y(y). The horizontal space H, is identified with m, by p~! and Hory is
identified with m, by dp. The G-invariance of the metrics g and g, allows us to suppose that y belongs
to the fiber 771(0). By Lemma 6.3, one has

,a> |

V1t+ad@iV)?—1 V.V e

g (p(c), p(2)) = R (e, 0) + R <I ad(iV)?

From Lemma A.9 in Appendix A, it follows that

g(p(c),p(2)) = c*R(e,0) + SRU[IV', V'], ¢, 0),
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with

ad(ilV)?2

v <\/1 T ad(ilV)? — 1) ’ ).

Hence
g(p(c), p(2)) = R(c,0) + R Rryr e, 0).

By Lemma [6.4), it follows that

g (p(c), p(0)) = AR(IA + IR1p(1R1yv ) (V) o (TR1v ) (V) 6 D)

1
where p(x) = <7vl+xx71) ® . Since T is G-equivariant, for any ¢ € m,, T.p(c) is horizontal. Since both

Y.p(c) and ¢ projects on ¢ - x by p., one has T,p(c) = ¢f. Consequently for any ¢ and 0 in mg, the
metric § applied to the horizontal lifts ¢/ and 9 is equal to

g(cHaaH) =g (p(c),p(b)) = gO(Acha)

with
Av =Id + IR1o(1Rvv)(V).po(IR1vv) (V)5

where s
o(x) = (m> .

X

Hence the Theorem is proved in the horizontal directions. Further the orthogonality of the subspaces
H, and V, implies the orthogonality of Hory and Very. It follows that the hyperkéhler metric g can
be deduced from the metric g, via an operator of the form

(5 5)

where B defines the metric in the directions tangent to the fibers of the projection p. Let us remark
that for any ¢ and 9 in im,, one has

g(p(c), p(2)) = g(p(—ic), p(—iv)).

The multiplication by ¢ exchanges V,, and H, and induces a complex structure on the tangent space
TOp at V whose expression with respect to gq is given by an endomorphism J3 exchanging Very and
Hory, i.e whose expression with respect to the direct sum Ty (T'Op) = Hory @ Very has the following

form
0o C
J3_<D 0)'

Let us recall that the real symplectic form w; = g(i-,-) associated to the complex structure i on O%
has the following expression

wi (p(e+¢), p(0 +2)) = S ({p(c"), mp(0)) = (p(d), mep(c))) ,

where ¢,0 belong to m,, and ¢/,?’ belong to im,. Note that only the projections of p(¢’) and p(2’)
on im, contribute in the above formula. Denoting by py : g — im, the orthogonal projection onto
img, one has for ¢ € im,, Yup(<) = LI p4+ (p(c)), hence py = icly) Y. on V,. It follows that
jo (T*_l ((c’)v)) = ic[w(y)(c’)v = icly(y(ic’) = ¢ - z. Since moreover 7. Y710H = p,of | it follows
that the symplectic form Q3 = T,w; on TOp associated with the complex structure Js is Liouville
2-form

Q3 (cH + ()Y, ol + (D’)V) = AR ((id,0) — (id',¢)),

where ¢, d belong to m,, and ¢/, 9’ belong to im,. The symplectic form 3 can be deduce from g, via an
endomorphism whose block decomposition with respect to the direct sum Ty (T'Op) = Hory @ Very is

(3)
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The equation g(Js-, ) = Q3(-,-) implies the followings conditions on the operators A, B, C' and D:

A 0 0 C\_ (0 ¢

0 B D 0 “\i 0 )
i.e AC =i and BD =i. On the other hand, the condition (I3)* = —1 implies CD = —1. It follows
that B = A~!, and J3 is represented by the following operator

0 iA°!
J3_(iA 0 )

My

\
V

|

TOp

Figure 1: The expression of the hyperkdahler metric on TOp can be easily deduced from the expression of
the hyperkdahler metric on O%

Remark 6.5 The restricted Grassmannian Gryes(H4, H—) of a polarized Hilbert space H = Hy @ H_
(where H; and H_ are infinite-dimensional closed orthogonal subspaces of H ) is defined as the set
of closed subspaces P of H such that the orthogonal projection from P on H; is Fredholm and the
orthogonal projection from P on H_ is a Hilbert-Schmidt operator (for further information on this
manifold see [25] and [36]). The connected component Gr2_(H,H_) of Gryes(H i, H_) containing the
subspace H is an homogeneous space of the unitary group

Up={ueUH) | u—ide L*(H)}

which is a simple L*-group of compact type (a geometrical proof of this fact is given in [4]). The
manifold Gr¥_(H,,H_) can be identified with a family of affine adjoint orbits of the Lie algebra uy of
Us,. The corresponding derivations Dy, = [Dy, -] are the following

Dy, == ik (p+ —p-),
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where p. is the orthogonal projection onto M. The Kahler structures on Grl (M, ,H_) obtained by
these identifications are proportional to the standard one as defined in [25] or [36]. The complexified
orbit O%k is the set of skew-Hermitian bounded operator on H with two eigenvalues ik and —ik such that
the corresponding eigenspaces P, and P_;;, belong respectively to Grl (H,H_) and Gt (H_, H,).
It can be identified with a natural complexification (Gr?es(HJ,_,H_))C of Grl (H,,H_) consisting
of pairs of subspaces (P,Q) such that P € Gro (H,,H_), Q € Gro (H_,H;) and PN Q = {0}.

The family of hyperkéhler structures on (Grl (M, H,))(C and T'Gr% (H,,H_) obtained by applying
Theorem 4.1l and Theorem [6.11to Op, , k # 0, was obtained by hyperkéahler reduction in [29].

A Strongly orthogonal roots in L*-algebras

We refer to [33] for more information on the fine structure of finite-dimensional Hermitian-symmetric
orbits. Let Op = G/K be a Hermitian-symmetric affine coadjoint orbit of an L*-group G. Denote be g
the Lie algebra of G, ¢ the Lie algebra of K, and m the orthogonal of ¢ in g. The following commutation
relations hold :

[6,€] C ¢, [(,m]Cm [m,m] C & (13)

If 21 is a subalgebra of g contained in m, then the third commutation relation in (13) implies that 2
is commutative. Abusing slightly the terminology, one says that 2 in an Abelian subalgebra of m.
The next Lemma generalizes Theorem 8.6.1 (iii) in [35] or Lemma 6.3 (iii) in [12] to the case of a
Hermitian-symmetric affine coadjoint orbit of an L*-group.

Lemma A.1 Let A be a mazimal Abelian subalgebra of m. Then

A Proof of Lemma A.1:
Since Op can be decomposed in a product of irreducible pieces, it is sufficient to consider the case where
Op is an irreducible Hermitian-symmetric coadjoint orbit of a simple L*-group G. There exists an
increasing sequence {g, }nen of finite-dimensional subalgebras of g and an increasing sequence {, }nen
of finite-dimensional subalgebras of ¢ such that ([29] and [31])

9 = Unengn
E == UnENEn
[, mp] Cmy, My, my] C &y,

where m,, denotes the orthogonal of ¢, in g,,. Let K,, be the subgroup of G with Lie algebra ¢,. For all
n €N, A, :=2Ng, is a maximal Abelian subalgebra of g,,. From the finite-dimensional theory (see
Theorem 8.6.1 (iii) in [35], or Lemma 6.3 in [12]), one has

m, = Ad(K,)(,).
Since m = Upenmy,, and UpenyAd(K,,)(A,) C Ad(K)(2) and since m D Ad(K)(2), one has
m = Uger Ad(g)%.
A

Remark A.2 In the finite-dimensional case, every maximal Abelian subalgebra of m is the centralizer
of one of its elements and every maximal Abelian subalgebras of m are conjugate. In particular, the
Cartan subalgebras of a compact semi-simple Lie group are conjugate. This is no longer true in the
infinite-dimensional case (see [4]).

In this subsection, Op will denote a Hermitian-symmetric affine coadjoint orbit of compact type
associated with the derivation I := [D,-]. Let g€ be the L*-algebra g @ ig, £C the L*-algebra £ @ i€,
and m® the complex closed vector subspace m @ im. The subspace m® decomposes into m€ = m™ @m~,
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where m¥ is the direct sum of eigenspaces Vi, of D with eigenvalues +ic,, ¢, > 0. The natural
complex structure of Op is given by

I = Z éID)lVCa@Vfcq

Let b be a Cartan subalgebra contained in € (see Theorem 4.4 in [22] for the existence of such a Cartan
subalgebra), R the set of roots and

“=fePvie P Vi+vH

acA peEBL

the decomposition of g€ into eigenspaces of ad(h), where the notation V¢ stand for the eigenspace
corresponding to «, and where A and B are subsets of R such that (see [29] and [31])

=P, sV my=dgep VA
Definition A.3 Two roots a and 3 are called strongly orthogonal if neither oo+ 3 nor a — 3 is a root.
Remark A.4 Two strongly orthogonal roots are orthogonal for the scalar product of §’.
Remark A.5 By Zorn’s Lemma, there exists maximal sets of (mutually) strongly orthogonal roots.

Remark A.6 If Op is irreducible, then, for every order on the set of roots, there exists a unique
simple root in B (see [29] and [31]). Let Ry (resp. R_) be the set of positive (resp. negative) roots.
Exchanging R, and R_ if necessary, one can suppose that By C R;. Then, for every root «, there
exists (ha, €q,€—q) € th X VXV ™% such that [hy, e1a] = 2264, [€a,6—a] = ha and z, := e, —e_4 € .
Set Yo := Ix,. One has

[TasYa] = 2tha;  [has Ta] = —2iYa;  [Pas Ya) = 2i24.
Proposition A.7 If U is a mazimal set of strongly orthogonal roots, then the Hilbert sum
A= PocvRay
defines a maximal Abelian subalgebra m such that
2, IA] = BacwRih,.
In particular, m = Ad(K)(2).

O Proof of Proposition A.7:
This follows directly from the commutation relation [V, V?] ¢ V°*# and from the hypothesis that ¥
is a maximal set of strongly orthogonal roots. O

Proposition A.8 With the notation above, the curvature R of the symmetric orbit Op satisfies

Rmm]wa Lo — 4]$a
Rxoulxocxﬁ = O
Rfcmlx,g = errg = 07

for every a and B, a # 3, in a maximal set U of strongly orthogonal roots.

O Proof of Proposition [A.8:
This is an easy consequence of the expression of the curvature of a symmetric homogeneous space (see
[5]). In particular,
Ry 1oa%a = [[Ta, I24], Tal.

The following Lemma is the infinite-dimensional analogue of Lemma 2 in [g].

17



Lemma A.9 For every a, b in m, one has
{[a, Ia], [b, I6]) = ||[a, b]||* + | [, Z6]|>.
Moreover if ¢ is an analytic positive function such that ¢(z) = ¢p(—z), then
¢(ad(ia))[a, Ia] = [a', Ia'],
where o/ = \/¢(ad(ila))(a).

A Proof of Lemma A.9:
By product, it is enough to consider the case where g is simple and Op irreducible. In this case, the
complex structure is [ = %D for some positive constant ¢, and

,16] = [a, [D,b]] = ~[[a, D], 6] + - D [a, b].

Since [m,m] C &, for a, b € m, one has

[a, 16] = —[Ia,b].
In the same way, for a, b € m, one has
70, 16] = (1D, al, 1D, b]] = D, [a, [D, 0] ~ 5 a.[D, [D,6]]] = [o, ]
Since every element of g is skew-symmetric, it follows that
([a, Ta], [b, Ib]) = —([a, [a, [b, Ib]]
= —(Ja,[[a, b], Ib]) — (Ia, b, [a, Ib]])
— ((Ia, It). [a, b]) + {[b, Za], [a, I6])
— o B)I2 + [, 6] 2

To prove the second assertion of the Lemma, let us first consider the case when a belongs to a maximal
Abelian subalgebra in m of the form
A= GBOLG\I/R‘CI;O(

where U is a maximal set of strongly orthogonal roots. With the notation introduced above, a =
> Gata, Ia =3 aqye and [a,fa] = > a22ih,. Using the commutation relations

[I(Myﬂ] = 2iha6aﬂ; [honxﬂ] = *Qiya(;aﬂ; [honyﬂ] = 2ixa§aﬂv

one has

ad(ia)”[a, Ia] = Y (2a0)""(aZ2iha).

«

Thus for every positive analytic function ¢ such that ¢(x) = ¢(—x), one has
d(ad(ia))[a, Ia] =", ¢(2aa)a 2ihg,

= Z d)(ZCLa) [xou ya]
- Za[\f(zaa)aaxay \/5(2%)%1/&}

Moreover, the adjoint action of the element ila is given by

ad(ila)®(a) = > (2a0)*"@aTa-

[e3%

Thus Y, Vé(2a0)aaza = /¢(ad(ila)(a), which conclude the proof of the second assertion of the
Lemma for a in . By adjoint action of K, this assertion is still true for a belonging in Uge x Ad(g)(2L).

The continuity of ¢ and of the bracket then imply that it is true for every a in m = Ad(K)(2). A
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